ON THE GRADED CENTER OF GRADED CATEGORIES 



VLADIMIR TURAEV AND ALEXIS VIRELIZIER 



Abstract. We study the G-centers of G-graded monoidal categories where G 
is an arbitrary group. We prove that for any spherical G- fusion category C over 
an algebraically closed field such that the dimension of the neutral component 
of C is non-zero, the G-center of C is a G-modular category. This generalizes 
a theorem of M. Muger corresponding to G = {1}. We also exhibit interesting 
objects of the G-center. 
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1. Introduction 

The study of group-graded categories was initiated by the first author |Tu2] 
with the view towards constructing 3-dimensional Homotopy Quantum Field The- 
ory (HQFT) generalizing the 3-dimensional Topological Quantum Field Theory 
(TQFT) introduced by E. Witten and M. Atiyah. An HQFT applies to manifolds 
and cobordisms equipped with maps to a fixed target space. HQFTs with target 
the Eilenberg-MacLane space K(G, 1), where G is a group, naturally arise from 
G-graded categories via two fundamental constructions based on state-sums on tri- 
angulations and on surgery, see |Tu2] . }TVi2] and references therein. The present 
paper is a part of the authors' work on the following claim: for any group G, the 
state sum HQFT associated with a spherical G-fusion category is isomorphic to the 
surgery HQFT associated with the G-center of that category. We provide here the 
algebraic background for this claim and specifically study the G-centers. 
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A G-graded category is a monoidal category whose objects are equipped with a 
multiplicative grading by elements of G. The objects of C graded by a £ G form 
a full subcategory, C a , of C called the a-component of C. The multiplicativity of 
the grading means that X <B> Y £ C a p for any X £ C a , Y £ Cp with a, (3 £ G. The 
category Ci corresponding to a — 1 is called the neutral component of C. 

A number of standard notions of the theory of monoidal categories (correspond- 
ing to G = {1}) naturally generalize to this setting. This leads, in particular, to 
a notion of a G-fusion category. On the other hand, to dchne G-braidings in a 
G-graded category C, one needs an additional ingredient: an action of G on C by 
strong monoidal auto-equivalences {ip a : C — > C} ae a such that tp a (Cp) C C a -ia a 
for all a, f3 £ C. Using this action, called a crossing, we define G-braided and 
G-ribbon categories. Under the simplifying assumption that the crossing is strict, 
these notions were first introduced in |Tu2] . 

The Drinfeld-Joyal-Street center construction applies to any monoidal category 
C and produces a braided monoidal category Z(C), the center of C. An analogue of 
the center in the setting of G-graded categories was considered by Gelaki, Naidu, 
and Nikshych |GNN] : for a finite group G, they associate to any G-fusion category 
C a G-braided category Zq{C). The construction of Zq[C) as a monoidal category 
is rather straightforward and applies to an arbitrary group G and any G-graded 
category C. The objects of Zq{C) are pairs (A, a) where A is an object of C 
and a is a half-braiding in C relative to C\, that is a system of isomorphisms 
cry : A ®Y — > Y ® A ix\ C permuting A with arbitrary objects Y of C\. The 
morphisms in Zq{C) are the morphisms in C commuting with the half-braidings. 
The monoidal product in Zq{C) is essentially the composition of half-braidings. 
The difficult part in the construction of Zq(C), requiring additional assumptions 
on C, concerns the crossing and the G-braiding. We define a crossing and a G- 
braiding in Zq(C) for so-called non-singular G-graded categories C generalizing the 
Gelaki-Naidu-Nikshych construction (see Theorem 14. f p . 

For topological applications, it is important to study so-called G-modular cat- 
egories. A G-modular category is a G-fusion G-ribbon G-graded category whose 
neutral component (which is a fusion ribbon category in the usual sense) has an 
invertible S*-matrix. Our first main result is the following modularity theorem. 

Theorem 1.1. If C is a spherical G-fusion category over an algebraically closed 
field and the dimension of the neutral component of C is non-zero, then Zq{C) is a 
G-modular category. 

This theorem is highly non-trivial already in the case G = {1} where it was first 
proved by M. Miiger, see [Mul Theorem 1.2]. Our proof of the modularity theorem 
heavily uses the technique of Hopf monads introduced in |BVlj . 

In general, it is not easy to exhibit objects of the G-center of a G-graded cate- 
gory C. When C is non-singular and Ci-centralizable (in the sense defined in this 
paper), the forgetful functor Zq{C) — > C, (A, a) H- A, has a left adjoint functor 
T: C — > Zq{C). The objects of Zq(C) isomorphic to objects in the image of T are 
said to be free. Our second group of results yields explicit computations of the free 
objects. In particular, if C is a G-fusion category over a field, then C is non-singular 
and Ci-centralizable, and for any object X of C, 

F(X) ~(4=0i*®X®i, cr = {a Y : A®Y -^Y ® A} Ye c 1 ) 
ieii 
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where 1\ is a representative set of isomorphism classes of simple objects of C\ and Y 
runs over objects of C\ . The restriction of ay to the direct summand i* (£> X ®i®Y 
of A ® Y with i G I\ is computed by 



where (p\ : i ® Y* i\,q\: i\ — > i ® Y*)a are the projections and the embeddings 
determined by a splitting of i£S> Y* as a direct sum of simple objects i\ € I\. Similar 
pictorial formulas compute the crossing and the G-braiding in Zq(C) on the free 
objects. For example, for any a £ G, the object <p a (J-(X)) is computed by the for- 
mula above with I\ replaced everywhere by I a , a representative set of isomorphism 
classes of simple objects of C a . For precise statements, see Theorems 110.41 and 110.61 

Every G-modular category gives rise to a 3-dimensional HQFT with target 
K(G, 1). The modularity theorem above allows us to derive such an HQFT from 
Zq(C) under the conditions of this theorem. Our computations with free objects 
lead to a computation of the vector spaces assigned by this HQFT to surfaces 
equipped with maps to K(G, 1). These results are crucially used in the proof 
(given elsewhere) of the claim stated at the beginning of the introduction. In the 
present paper we focus on the algebraic side of the theory and do not study HQFTs. 

The organization of the paper is as follows. In Section [2] we recall necessary 
notions from the theory of monoidal categories. In Section [3] we introduce the 
key notions of the theory of G-graded categories. In Section [3] we construct the G- 
center. In Section[5]we introduce spherical G-fusion categories, state the modularity 
theorem, and start its proof. In Sections [6j [Jj and [8] we discuss G-ribbonness, 
Hopf monads, and coends, respectively. In Section [9] we finish the proof of the 
modularity theorem. In Section [10] we compute the crossing and the G-braiding on 
the free objects and also discuss the G-fusion case. The appendix is devoted to the 
computation of certain objects of Zq(C) which will be instrumental in the study of 
the associated HQFT. 

Throughout the paper, we fix a (discrete) group G and a commutative ring k. 



Acknowledgements. The work of V. Turaev was partially supported by the NSF 
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We recall here several standard notions and techniques of the theory of monoidal 
categories referring for details to [Mac] . 

2.1. Conventions. The unit object of a monoidal category C is denoted by 1 = He- 
Notation X £ C means that X is an object of C. To simplify the formulas, we will 
always pretend that the monoidal categories at hand are strict. Consequently, 
we omit brackets in the tenor products and suppress the associativity constraints 
(X <g> Y) <g> Z = X ® (Y ® Z) and the unitality constraints X ®1 = X = l(g>X. By 
the tensor product X\ ® X-i ® ■ ■ • % X n of n > 2 objects Xi, X n of a monoidal 
category we mean (...((Xl <g> X 2 ) ® X 3 ) ® • ■ • ® X n -i) ® X n . 
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2.2. Monoidal functors. Let C and T> be monoidal categories. A monoidal func- 
tor from C to V is a triple (F, F 2 , Fo), where F: C — > V is a functor, 

F 2 = {F 2 (X, y) : F(X) ® F(Y) -> F(X ® K)} x ,y eC 

is a natural transformation from F®F to F®, and Fo : lx> — > F(lc) is a morphism 
in X> such that the following diagrams commute for all X,Y, Z G C: 

id F(X )®F 2 (Y,Z) 



F(X) ® F{Y) ® F(Z) ■ 

(1) F 2 (X,Y)®id F{z) 

F(X ® F) ® F(Z) ■ 



F 2 (X<g>Y,Z) 



■ Fpf) ® F(y ® Z) 
F 2 (x,y®z) 
F(X®y ® Z), 



id F(x) ®F 



(2) 




F(1 C )®F(X) 



F 2 (1 C> X) 



F(X)®F(1 C ) 

F 2 (X,1 C ) 

:f(X). 



A monoidal functor (F, F 2 , F ) is strong if F 2 and F are isomorphisms and sfncf 
if F 2 and F) are identity morphisms. 

A natural transformation <p — {(fx ■ F(X) — > G(X)}xec from a monoidal func- 
tor F: C — > 2? to a monoidal functor G: C — >• 2? is monoidal if Go = </?iF) and 

^ 8 yf 2 (X, Y) = G 2 (X, Y) (<p x ® ^ ) 

for all X,FeC. A monoidal natural isomorphism between F and G is a monoidal 
natural transformation ip from F to G which is an isomorphism in the sense that 
each tpx is an isomorphism. The inverse (p^ 1 = {ifx 1 '■ G(X) — » F(X)}xec is then 
a monoidal natural transformation from G to F. 

If F: C — > T> and G: X> — > £ are monoidal functors between monoidal categories, 
then their composition GF : C — > £ is a monoidal functor with 

(GF) = G(F )Go and (GF) 2 = {G(F 2 (X, Y)) G 2 (F(X), F(Y))} x , YeC . 

2.3. Rigid categories. Let C = (C, ®, 1) be a monoidal category. A left dual of 
an object X G C is an object V X G C together with morphisms ev^ : V X ® X — >• 1 
and coevx '■ 1 — >• X ® V JT such that 



(idjf ® evjc)(coevjc ® idx) = idx and (evx ® idv x )(idv x ® coevx) = idv x . 

One calls C left rigid if every object of C has a left dual. A choice of a left dual for 
each object of C defines a left dual functor v ?: C op — > C, where C op is the category 
opposite to C with opposite monoidal structure. The functor v ? carries a morphism 
/ : X -> y in C (i.e., a morphism y -> X in C op ) to 

V / — ( ev ^ ® idvjf )(idvy (81/(8) idvj) s: )(idvy ® coev^) : v y — > V X. 

The functor v ? is strong monoidal with ( v ?)o = coevi : 1 — > v l and with 

( v ?) 2 (x, y) : v x (8 v y -> v (x ® op y) = v (y ® x) 

defined to be equal to 

(ev x (8 idv (X8 y))(idv X ® coevy ® idj f ®v( X(g) y ) )(idvx®vy ® coev^y). 
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The isomorphisms ( v ?)o and ( V ?)2(A, Y) are called left monoidal constraints. 

Similarly, a right dual of X £ C is an object X v of C equipped with morphisms 
ev x ■ X (g) X v -» 1 and coevx :1->X V ®1 such that 

(evx 8> idx)(idx <g> coevx) = idx and (idx v <8> evx)(coevx ® idx v ) = idx v • 

One calls C rigM rigid if every object of C has a right dual. Similarly to the 
above, for a right rigid category C, one defines a strong monoidal right dual functor 
? v : C° p — > C and right monoidal constraints. 

A monoidal category is rigid if it is both left rigid and right rigid. Note that 
the left and right duals of an object are unique up to an isomorphism preserving 
the ( co ) evaluation morphisms. Different choices of left/right dual objects lead to 
monoidally isomorphic left/right dual functors. 

2.4. Pivotal categories. By a pivotal category we mean a rigid monoidal category 
C such that the left and right dual functors are equal as monoidal functors. Then 
for each object X G C, we have a dual object X* = V X = X y and morphisms 

evx : X* <g> X 1, coevx : 1 -> X ® X* , 
ev x :X®X*-t±, coevx ■ 1 -> X* ® X, 

such that (X* ,evx,coevx) is a left dual for X and (X*, evx, coevx) is a right dual 
for X. The dwaZ /* : Y* -> X* of any morphism /: X -> Y in C is computed by 

/* = (ev Y ® idx*)(idr* ® / ® idx*)(idy* ® coevx) 
= (idx* ® evy)(idx* (8 / ® idy») (coevx ® idy*). 

Working with a pivotal category C, we will suppress the duality constraints 
1* = 1 and X* ® Y* = (Y ® X)*. For example, we write (/ ® 5)* = g* ® f* for 
morphisms /, 3 in C. 

For an endomorphism g of an object X of a pivotal category C, one defines the 
left and rig/it traces 

tri(g) = evx (idx* ®#)coevx and tr r (#) = evx(s ® idx*) c oevx- 

Both traces take values in Ende(l) and are symmetric: tiu r [fh) = tTy r (hf) for 
any morphisms / : X — > Y, h : Y — > X in C. Also tru r (g) — tr r /;(g*) for any 
endomorphism g of an object. The left and right dimensions of an object X £ C 
are defined by dim;/ r (X) = tr ; / r (idx)- Clearly, dim;/ r (X) = dim r / ; (A*) for all X. 

2.5. Penrose graphical calculus. We will represent morphisms in a category C 
by plane diagrams to be read from the bottom to the top. The diagrams are made 
of oriented arcs colored by objects of C and of boxes colored by morphisms of C. 
The arcs connect the boxes and have no mutual intersections or self-intersections. 
The identity idx of X G C, a morphism /: X — > Y, and the composition of two 
morphisms / : X — » Y and g : Y — > Z are represented as follows: 

w m 

idx = , /=m , and 5/ = TV • 
x \x |/| 

If C is monoidal, then the monoidal product of two morphisms / : X — > Y and 
g : U — » Y is represented by juxtaposition: 
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Suppose that C is pivotal. By convention, if an arc colored by X G C is oriented 
upwards, then the corresponding object in the source/target of morphisms is X*. 
For example, idx* and a morphism / : X* ® Y — > U <E>V* ®W may be depicted as 

\u \v \w 



\& x , = = - and / 



x 



f 



x " \x \y 



The duality morphisms are depicted as follows: 

evx = ^\x , coev x = \)x > = , cbev x = \)x ■ 

The dual of a morphism / : X — >• Y and the traces of a morphism g : X X can 
be depicted as follows: 

f*= and tr K<?) = X -Q], tv r {g)-- 

It is easy to see that the morphisms represented by such diagrams are invariant 
under isotopies of the diagrams in R 2 keeping fixed the bottom and top endpoints. 

2.6. Pivotal functors. Given a strong monoidal functor F: C — > V between piv- 
otal categories, we define for each iGCa morphism 

F\X) = (Fv 1 F(ev x )F 2 (X*,X)(g>id F{x y)(id F{x * ) ®coev F(x) ) : F(X*) -> F(X)*. 

It is well-known that F l = {F l (X) : F(X*) F(X)*} XeC is a monoidal natural 
isomorphism. Likewise, the morphisms {F r (X): F(X*) — > F(X)*} Xe c, defined by 

F r (X) = (id F(x) . ® Fo l F(€vx)F 2 (X,X*)){6S*r F(x) <8) id^.j), 

form a monoidal natural isomorphism F r . For all X 6 C, we have 

F\X*)F{ct>x) = F r (X)^ F(x) 

where {<f> x : X — > is the pivotal structure in C defined by 

(3) <t> x = (evx ® idx« ) (idjf ® coev x « ) : X ->• X** . 

The monoidal functor F: C -> 2? is pivotal if = F r (X) for any leC. In 

this case, F l — F r is denoted by F 1 . 

2.7. Additive categories. A category C is k-additive if the Horn-sets of C are 
modules over the ring k, the composition of morphisms is Ik-bilinear, and any finite 
family of objects has a direct sum. In particular, such a C has a zero object, that 
is, an object OeC such that Endc(O) = 0. A monoidal category is k-additive if it 
is k-additive as a category and the monoidal product is k-bilinear. 

A functor F: C — > T> between k-additive categories is k-linear if the map from 
Hom c (A, Y) to Hom c (F(A), F(Y)) induced by F is k-linear for all X, Y € C. Such 
a functor necessarily preserves direct sums. 

3. G-STRUCTURES ON MONOIDAL CATEGORIES 

In this section we define the classes of G-graded, G-crossed, G-braided, and 
G-ribbon categories. 
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3.1. G-graded categories. By a G-graded category ( over k ), we mean a Ik-additive 
monoidal category C endowed with a system of pairwise disjoint full k-additive 
subcategories {C a } a ^G such that 

(a) each object X £ C splits as a direct sum (B a X a where X a G C a and a runs 
over a finite subset of G; 

(b) if X G C a and Y G Cp, then X <g> Y G C a p; 

(c) if A G C Q and Y e with a ^ /?, then Hom c (A, Y) = 0; 

(d) i c eCi. 

The category Ci corresponding to the neutral element 1 G G is called the neutral 
component of C. Clearly, C\ is a k-additive monoidal category. 

3.2. G-crossed categories. Given a monoidal k-additive category C, denote by 
Aut(C) the category whose objects are k-linear strong monoidal functors C — > C 
that are equivalences of categories. The morphisms in Aut(C) are monoidal natural 
isomorphisms. The category Aut(C) has a canonical structure of a monoidal cate- 
gory in which the monoidal product is the composition of monoidal functors and 
the monoidal unit is the identity endofunctor 1q of C. 

Denote by G the category whose objects are elements of G and morphisms are 
identities. We turn G into a monoidal category with monoidal product given by 
the opposite group multiplication in G, i.e., a® (3 = j3a for all a, j3 G G. 

A G-crossed category is a G-graded category C (over k) endowed with a crossing, 
that is, a strong monoidal functor ip: G — > Aut(C) such that <p a (Cp) C C a -ip a for 
all a, /3 £ G. Thus, for each a G G, the crossing ip provides a strong monoidal 
equivalence ip a : C — > C equipped with an isomorphism (<^ Q ) : 1 — * ¥? a (l) m C 
and with natural isomorphisms 

((f a h = {(tp a h{X, Y) : ip a {X) <g> ip a (Y) -^ip a {X(g> Y)} x ,YeC 
(p 2 = {(p 2 {a,p) = {<p 2 (a,f3)x : ip a <P/3(X) -A- ipp a (X)}xec} aiPeG , 
fo = {(fo)x ■ X -A- </?i(A)}xec 

such that (</?o)i = (fi)o and for all a, /?, 7 G G and all X,Y,Z G C, the following 
diagrams commute: 



<p a {X) <g> y;, 



id 



, a (X)®(¥>a)2(y,^) 



^(^ Q (A) ^(y ® z) 



a 



(4) 



( Va ) 2 (A,y)®id v , ct(z) 



( l p Q ) 2 (x,y®z) 



tp a (X ®Y)®<p a (Z) 



{<p a ) 2 (X®Y,Z) 



^(x® y ® y), 



(5) 



(Va)o®id Va (x) 



¥>a(A) 




( Va ) 2 (X,l) 



^ a (l)®V» Q (X) 



( V o) 2 (l,A) 
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wMx^Mr m a {X)®ip [ja {Y) (wQ)2(x>y) 



(6) 



<Pa<Pp(X)®<Pa<Pp(Y) 

( Va ) 2 ( Vl3 (x)^e(Y)) 

<p a (<pp(X) ® <pp(Y)) 



ip a fp{X ® F), 



(7) 



1 ■ 



«((V/3)o) 



(8) 



(¥>ob 



<^i(x®y) 



(9) 



, . Vq ( V2 (/3,7)x) , , 



f/3af-y{X) 



f2(0OL,-l)x 



(10) 



<Pa((<Po)x) , . 



(¥>o) Vc , 



(jfl^a (X) 



id„ 



V2(l,a)x 



V2(a,l)x 



<p Q (X). 



The commutativity of the diagrams (|1J and ([5]) means that {f ai {fa) 2, {fa)o) is 
a monoidal endofunctor of C. The diagrams ([6]) and ([7|) indicate that the natural 
transformation <p2{a,/3) is monoidal. The commutativity of (JSJ and the equality 
(<A))i = ( < Pi)o mean that the natural transformation <fo is monoidal. Finally, the 
diagrams ([9]) and (|10j) indicate that {(p,cp2,fo) is a monoidal functor. 

3.3. G-braidings. An object X of a G-graded category C is homogeneous ii X E C a 
for some a £ G. Such an a is then uniquely determined by X and denoted |A"|. If 
two homogeneous objects X,Y £ C are isomorphic, then either they are zero objects 
or |X| = \Y\. Let Ch om = Ha^oCa denote the full subcategory of homogeneous 
objects of C. 
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A G-braided category is a G-crossed category (C, ip) endowed with a G-braiding, 
i.e., a family of isomorphisms 

t = {t x ,y ■■ X ® Y -> y <g> (X)}xec,yec hom 
which is natural in X, y and satisfies the following three conditions: 
(a) for all X £ C and Y, Z £ Chom, the following diagram commutes: 



(11) 



A®y 
y ®tp\ Y \(x) ®z ■ 



-Y ' ® Z ® <p\ Y ®z\{X) 

id Y ®z®¥2(\Z\,\Y\) x 

Y ® Z ® <p ]z \<p\ Y \(X), 



>iyST V|y|(X ), z 

(b) for all X,Y £ C and Z G Chom, the following diagram commutes: 
X®Y®Z s> Z®tp\ z \{X® Y) 



(12) idjs®ry, 

X(g)Z(X>v5|z|(y) 



id z ®( V | Z |) 2 (A,y) 

z®^ Z |(x)®^| Z |(y), 



rx,z®id V|zl(r) 

(c) for all a £ G, X £ C, and y 6 Chom, the following diagram commutes: 

(<p a )2(X,Y) 

<p a (X) ® (^ Q (y) — - - *~ <p a (X ® Y) 



(13) <Pa{Y) ® <p a -i\Y\a<Pa(X) 

id Va ( Y )® l P2(a~ 1 \Y\a,a)x 

V^l Y\ck (X) 



(yo) 2 (>> m p0) 

^-5- <fia(Y) ® ^ a <^|y|(A). 



id VQ (r)®V2(a,|y|) x 

For a G-braided category (C, y>, r), the category C\ is a braided category (in the 
usual sense of the word) with braiding 



(14) 



{cx.y = (idy <8> (wOxVx.v : X <S> Y -> y ® X} 



3.4. Pivotality and ribbonness. A G-graded category C is rigid (resp., pivotal) 
if its underlying monoidal category is rigid (resp., pivotal). If C is pivotal, then for 
all X £ C Q with a £ G, we always choose A* to be in C Q -i. If C is pivotal, then so 
isCi. 

A crossing ip: G — > Aut(C) in a pivotal G-graded category C is pivotal if the 
monoidal functor cp a is pivotal for all a £ G. A pivotal crossing tp gives for each 
a £ G a natural isomorphism 

vl = Wi(x)-. p a (x*) p a (xy} xec 

which preserves both left and right duality (as in Section 12. 6p and is monoidal: 
((^aV 1 )* = ¥&(l)(¥>a)o : 1* = 1 -»• and for all X,Y£C, 

^(x®y)(^) 2 (y*,A'*) = ((^ Q ) 2 (A' ) y))*(^(y)®^(x)). 
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A pivotal crossing ip preserves the trace in the following sense: for any a G G and 
for any endomorphism g of an object of C, 

tr(</?a(ff)) = (<Pa)o 1 <p a (tr(g))(<p a )o- 

If Endc(l) = kidi, then this formula implies that tr(cp a (g)) — tr(g) for any g. 

A pivotal G-braided category (C, tp, r) has a twist which is the family of mor- 
phisms 9 = {@x}xeC h om where 

(15) 9 X = (ev x ®id m|(x) )(idx* ®T XiX )(c6ev x ®id x ): X -> tp\ x \(X). 

The naturality of t implies that 8x is natural in X . 

A G-ribbon category is a pivotal G-braided category (C,tp,r) whose crossing tp 
is pivotal and whose twist is self-dual in the sense that for all X G C\ lomi 

(16) [Ox)* = (vo)x(M\xr\ \X\)?r<p\ x \-,.(<p\ x \(X))0 Vm(x) .. 

For a G-ribbon category (C,tp, r), the category Ci is a ribbon category (in the 
usual sense of the word) with braiding (|14l) and twist {(<Po) x @x : X — > X} Xe c 1 - 

3.5. Example. The following example of a G-ribbon category is adapted from 
MNS . Let it: H — > G be a group epimorphism with kernel if. Let I? be the 
category of ii-graded finitely generated projective Ik-modules M — (BheitMh en- 
dowed with a right action of if such that Mh ■ k C M k -i hk for all h G H and 
k G if. Since M is finitely generated, Mh = for all but a finite number of h G H . 
Morphisms in T> are ii-graded if-linear morphisms. The category T> is monoidal: 
the monoidal product of M, N £ 2? is the k-module M (8> iV = M <g>k iV with diag- 
onal if -action and ii-grading (M ® = (Bh 1 h 2 =hMf ll ®k A^ f° r h ^ H. The 
monoidal unit of 2? is k in degree 1 £ H with trivial action of if. The category 2? 
is k-additive in the obvious way and pivotal: the dual of M G £> is the k-module 
M* = Hom k (M,k) with ii-grading (M*) h = Hom(M /[ -i,k) for h G H and action 
of if defined by (/ • fc)(m) = /(m • fc" 1 ) for k G if, / G M* , m G M. The left 
and right (co) evaluation morphisms are the usual ones (i.e., are inherited from the 
pivotal category of finitely generated projective k- modules). The category T> is 
G-graded as follows: for a G G, V a is the full subcategory of all M G T> such that 
M h = whenever 7r(/i) / a. 

Any set-theoretic section s of 7r, i.e., a map s : G — > H such that 7rs = id^j defines 
a structure of a G-ribbon category on X> as follows. For a G G and M G X>, set 
tp a {M) = M as a k-module with ii-grading tp a {M)h = M 8 i a \-ih,s(a) f° r h € H and 
right if-action mfc = m • s(a)/cs(a) _1 for m G </? Q (M) and A: G if . For a morphism 
/ in 2?, set <p a (f) = f ■ This defines a strict monoidal endofunctor ip a of T>. For 
a, /3 G G and M G 2?, the formulas to i— > to ■ s{l3)s{a)s{j3a)~ 1 and m <— ► m ■ s(l) -1 
define isomorphisms, respectively, 

tp 2 {a, P) M ■ <p a <f{s(M) -)• <pp a (M) and (^o)m : M -> <pi(M). 

This defines a pivotal crossing in V. Given M G V and TV G T> a with a G G, the 
G-braiding tm.n ■ M ® AT —> N ® tp a (M) carries m ® n to n ® (m • /is(a) -1 ) for 
m e M, h e n^ 1 (a), and n £ N h . For M G 2? Q with a G G, the (self-dual) twist 
6*m : M — > tp a (M) carries to G Mh with /i G 7r _1 (a) to m • hs(a)~ 1 . In this way, 2? 
becomes a G-ribbon category. Though the structure of a G-ribbon category on T> 
depends on the choice of a section s: G — > H, an appropriately defined equivalence 
class of this structure is independent of s, cf. Section l5~6l 
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3.6. Remarks. 1. For G = {1}, the definition of a G-crossed category C means 
that C is a k-additive monoidal category such that every object X £ C gives rise to 
an object X' £ C and an isomorphism X « X'. Indeed, a strong monoidal functor 
tp: {1} — > Aut(C) yields an object X' = (fii(X) and an isomorphism (ipo)x '■ X X' 
for each X £ C. It is easy to see that any system of objects and isomorphisms 
{(X' £ C,X w X')}xec arises in this way from a unique strong monoidal functor 
{1} — > Aut(C). For G = {1}, the notions of G-braided/G-ribbon categories are 
equivalent to the standard notions of braided/ribbon categories. 

2. The notions of G-braided/G-ribbon categories were first introduced in |Tu2j 
in a special case. Denoting by G op the group G with opposite multiplication, a G- 
braided (resp. G-ribbon) category in [Tu2j is a G op -braided (resp. G op -ribbon) cate- 
gory in the sense above whose crossing tp is strict, meaning that tp is strict monoidal 
(i.e., ip2{oi, /3) and ipo are identity morphisms) and each ip a is strict monoidal (i.e., 
(<p a )2 and {<p a )o are identity morphisms). For instance, the crossing in Example l3.5l 
is strict if and only if s is a group homomorphism. Such an s does not exist unless 
H is a semidirect product of K and G. 

4. Centers of G-graded categories 

We define and study G-centers of G-graded categories. We begin by recalling 
several notions of the theory of categories. 

4.1. Preliminaries. An idempotent in a category C is an endomorphism e of an 
object X £ C such that e 2 = e. An idempotent e: X — > X in C splits if there 
is an object E £ C and morphisms p: X — >• E and q: E — > X such that qp = e 
and pq = ids- Such a splitting triple (E,p,q) of e is unique up to isomorphism: 
if (E',p',q') is another splitting triple of e, then <p = p'q: E — > E' is the (unique) 
isomorphism between E and E' such that p' = <f>p and q' = q$~ x ■ A category with 
split idempotents is a category in which all idempotents split. 

A monoidal category C is pure if / ® idjc = idx <8> / for all / £ Endc(l) and 
X £ C. For example, this condition is satisfied if Endc(l) = kidi. 

If a monoidal category C is pure and pivotal, then the left and right traces in C 
are (^-multiplicative: tTu r (f Cg> g) = tru r (f) tii/ r (g) for any endomorphisms /, g of 
objects of C. In particular, 6xmi/ r {X®Y) = dim;/ r (X) dim ; / r (F) for any X, Y £ C. 

We call a pivotal G-graded category C non-singular if it is pure, has split idem- 
potents, and for all a £ G, the subcategory C a of C has at least one object whose 
left dimension is invertible in Ende(l). Examples of such categories will be given 
in Section [5761 

4.2. Relative centers. Recall the notion of a relative center of a monoidal cat- 
egory due to P. Schauenburg [Sch] . Let C be a monoidal category and T> be a 
monoidal subcategory of C. A (left) half braiding of C relative to T> is a pair (A, a), 
where A £ C and a = {ax ■ A ® X — >• A <g> A}xex> is a family of isomorphisms in C 
which is natural with respect to X and satisfies for all X, Y £ V, 

(17) ctaw = ( id x ® cry)(o-x ® idy). 

This implies that ui = id^. 

The (left) center of C relative to T> is the monoidal category Z{C; T>) whose 
objects are half braidings of C relative to T>. A morphism (A, a) — > (A', a') in 
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Z(C;T>) is a morphism /: A — > A' in C such that (idx <8> /)cx = <7jr(/ ® idx) for 
all X ET>. The monoidal product in Z(C;T>) is defined by 

(A,ct) <g> = (A ® -B, (cr ® ids)(id J 4 ® /£>)), 

and the unit object of Z(C; 2?) is lz(C;Z>) = (1) {idx}xex>)- The forgetful functor 
Z(C] T>) — > C carries (j4, cr) to A G C and acts in the obvious way on the morphisms. 
This functor is strict monoidal and conservative in the sense that a morphism in 
Z(C;T>) carried to an isomorphism in C is itself an isomorphism. 

The category Z(C;V) inherits most of the standard properties of C. If C is a 
category with split idempotents, then so it Z(C;T>). If C is pure, then Z(C;T>) is 
pure and Endz(c-,'D)('$-Z(C;T>)) — Endc(l). If C is rigid and V is a rigid subcategory 
of C (that is, a monoidal subcategory stable under left and right dualities), then 
Z(C;V) is rigid. If C is pivotal and T) is a pivotal subcategory of C (that is, a 
monoidal subcategory stable under duality), then Z(C;T>) is pivotal with (A, a)* = 
(A*,at) for (A, a) e £(£;£>), where 




: ,4*<g>X^X®,4*, 



and ev( A!CT) = ev^, coeV( 4)(7 ) = coev^, ev(A,a) = ev^, coev( A!(T) = coev^. The 
traces of morphisms and dimensions of objects in Z(C;T>) are the same as in C. 

If C is k- additive, then so is Z(C;T>), and the forgetful functor Z(C;T>) — > C is 
Ik-linear. If C is an abelian category, then so is Z(C; V). 

The center Z(C;C) of C relative to itself is the center Z(C) of C in the sense 
of A. Joyal, R. Street, and V. Drinfeld. The center Z(C; *) of C relative to its 
trivial subcategory * formed by the single object 1 and the single morphism idi 
is canonically isomorphic to C. When C is pure, Z(C; {1}) is also canonically iso- 
morphic to C, where {1} is the full subcategory of C having a single object 1. The 
canonical isomorphism C — > Z(C; {!}) carries any object A of C to the half-braiding 
(A, idA ■ A (g) 1 — > 1 <£> A) ; the naturality of id^ with respect to endomorphisms of 
1 is verified using the purity of C. 

4.3. The G-center. For a G-graded category C (over Ik), we set Zq{C) = Z(C;Ci) 
and call Zq(C) the G-center of C. By Section |4~^1 the category Zq{C) is k-additive. 
For a £ G, let Z a (C) be the full subcategory of Zq[C) formed by the half braidings 
(A, a) relative to C\ with A G C a . This system of subcategories turns Zq(C) 
into a G-graded category (over k). By definition, |(A,ct)| = |j4| = a for any 
(A,a) 6 Z a (C). If C is pivotal (or pure, or with split idempotents), then so is 
Zq(C). The main result of this section is the following theorem. 

Theorem 4.1. Let C be a non-singular pivotal G-graded category. Then Zq{C) 
has a canonical structure of a pivotal G-braided category with pivotal crossing. 

When G is finite, k is a field of characteristic zero, and C is a G-fusion category 
(see Sect ion [5731 for the definition), Theorem l4.1l was first obtained by Gelaki, Naidu, 
and Nikshych IGNN] . In difference to |GNNI . we give an explicit construction of 
the crossing and the G- braiding in Zq(C). 

Theorem 14.11 is proved in Sections 14.41 and 14.51 Several lemmas are stated in 
these sections without proof which is postponed to Section 14.61 Throughout the 
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proof of Theorem 14. II we keep the assumptions of this theorem and use the following 
notation. For V 6 C, we set dv = dim;(V) € Endc(l). For a s G, we denote by 
£ a the class of objects of C a with invertible left dimension. 

4.4. The crossing. The crossing in Za{C) is constructed in three steps. At Step 1, 
we construct a family of monoidal endofunctors of Zq{C) numerated by objects of C 
belonging to U a eG £a- At Step 2, we construct a system of isomorphisms between 
these endofunctors. At Step 3, we define the crossing as the limit of the resulting 
projective system of endofunctors and isomorphisms. 

Step 1. For any V £ £ a with a £ G, we define a monoidal endofunctor tpv of 
Zg{C). We begin with a lemma. 

Lemma 4.2. For any {A, a) 6 Zq{C), the morphism 



n (A,v) — a V 




v \a \v 



€ End c (U* <g> A®V) 



is an idempotent. 

Proof. Using (fTF)) and the naturality of a, we obtain 




\a \v 




\v \a \v ^ 



□ 



Since all idempotents in C split, there exist an object EY A ^ G C and morphisms 
P{A.a) -V* ® A®V ^ E\ Aa) and q v (Aa) : E^ Aa) -> V* ® A <g> V such that 



( 19 ) ^iA,a) = <1(A,<t)PIa,<t) and pIa,*)(1(Am) = id E^,„)' 



We will depict the morphisms p^ A ^ and qJ A > as 



p[a,, 




and ' 



|v|a |l 



9(A,cr) 
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We can now define an endofunctor ipv of Zg(C) as follows. For (A, a), set 
ipv(A,cr) = (-B(\ ct ),7(a,<t)) e z g(C) where, for each X G &, 




We show in Section 14.61 that 7^ ^ is a half-braiding of C relative to C\ so that 
ipv(A, a) G Zq(C). If A G Cg with & G, then we always choose ^ in Cq-i^c 
so that yv(A, <t) G Za-i^fC). For a morphism /: (A, cr) — > (B,p) in Zq(C), set 




This defines (£>y as a functor. To turn ipy into a monoidal functor, set for any 
(A,a),(B,p)€Zp(C), 




Lemma 4.3. (</?y, (y>v)2> ( i Pv)o) * s a well-defined pivotal strong monoidal k-linear 
endofunctor of Zq{C) such that ipv[Zp(£)\ C Z a -ip a (C) for all (3 G G. 
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We now study the endofunctors {(fv}v- Pick any U £ £ a , V £ £p, W £ £p, 
with a,(3£G. For each (A, a) £ Zc(C), consider the morphism 




Lemma 4.4. (a) The family ( U ' V ' W — {Cm }(A,tr)ez G (c) * s a monoidal nat- 
ural isomorphism from ipu^Pv to ipw- 
(b) For all U £ £ a , V £ £p, W £ £ 7 with a, /3,7 £ G and for all R £ £p a , 
S £ £~ff3, and T £ £ 7l g Q , the following diagram commutes: 



,„ ( /-V,W,s\ 

<pu\C ) 
<Pu<Pv<Pw ^ <£>{/¥>S 



For [/ £ £ i and each (A, a) £ Zg(C), consider the morphism 




■■U-'A\U ■ 



an 



: (A, a) -> tpu(A,cr). 



Lemma 4.5. (a) The family n u = {t]Y a a \}(A,a)ez a (C) * s a monoidal natural 
isomorphism from ^z G (C) to Lpu . 
(b) For all U £ £\ and V £ £ a with a £ G, the following diagram commutes: 




<Pu¥>v 



ifV<PU 
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Step 2. For each a G G, we construct isomorphisms between the endofunctors 
{ipv I V G £*}. For U, V 6 £ a , define S u < v = {5^ a) } {A ^ )eZa{ c) by 




ip v (A,a) -> ipu(A,a). 



Lemma 4.6. (a) 8 U ' V is a monoidal natural isomorphism from ipu to <pv 

(b) S u ' u = id vu and 5 U ' V 8 V ' W = S u - W for any U, V, W € £ a . 

(c) For all U, U' 6 £ a , V, V G £p, and W, W G £p a! the following diagram of 
monoidal natural isomorphisms commutes: 



<Pu<Pv ■ 



<PU"PV 



c 



- fw 

6" 



(d) S u '' u n u = r] u ' for all U, U' G £i 



Note as a consequence of (a) and (b) that ($Y A V a \ ) 1 = ^\Aa) • 
Step 3. By Lemmas 14.31 and l4.6f a).(b). the family (<py , d U ' V )u,veS a is a pro- 
jective system in the category of pivotal strong monoidal k-linear endofunctors of 
Zq(C). Since all 6 ' s are isomorphisms, this system has a well-defined projective 
limit 

ip a = \im((p v ,S U ' V )uy e£a 

which is a pivotal strong monoidal k-linear endofunctor of Zq{C). By Lemma [4~31 
we can assume that (p a (Zp(C)) C Z a -ip a (C) for all (3 G G. 

Denote by i a — {ty}ve£ a the universal cone associated with the projective limit 
above: for V € £ a , 

(20) iy = {(iv)(A.a) ■ <Pc*(A cr) -> (f V (A, a)} {A , a)e z G{C ) 

is a monoidal natural isomorphism from ip a to (py. 



By Lemma I4.6f c),fd). the transformations £ and rj induce monoidal natural 
isomorphisms tp2{a,(3): Pa^p — ► <pp<x and ipo : lz G (c) <Pii respectively. These 
isomorphisms are related to the universal cone as follows: for U G £ a , V G £p, 
W G £/3 a , and R € £\, the following diagrams commute: 



(V2)(a,/3) 



1 



Zg{C) 



<Pu{t- v ){ l u)tpa 
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By Lemmas 14.4( b) and 14.5( b). <p2 and ipo satisfy (|9]) and (fT0|) . Note that ip2 and ipo 
induce natural isomorphisms (p a p a -i ~ (pi ~ l.z G (C) an d <p a - ll Pa — <fi — ^z G (C) 
for a G G. Hence, the endofunctor ip a of Zq{C) is an equivalence. Therefore 

ip = (ip, if2, <po) ■ G -> Aut(Zc(C)), a h> ip a 

is a strong monoidal functor such that ^ a (^g(C)) C Z a -i^ a (C) for all a,/3 G G. 
Thus, <p is a crossing in Zc(C). It is pivotal because all ipa's are pivotal. 

4.5. The G-braiding. We construct a G-braiding in Zq(C) following the scheme 
of Section H31 For (A, a) G Z G (C), V G £ a with a G G, and X G Chom, set 




The next lemma shows that these morphisms are isomorphisms compatible with 
the transformations introduced in Section 14.41 

Lemma 4.7. (a) TY A ^ x is an isomorphism natural in (A, a) and in X, and 



( r (A.<r),x) - dy 1 




(b) For any U, V G £ a , the following diagram commutes: 



A®X 




id x «i<5 



-~X®EV. s. 

u,v (A,rr) 



(c) For all (A, a) G Z G (C), U G £ a , V G £p, W G £ a p, X G C Q7 and Y G Cp, 
£/ie following diagram commutes: 



A®X®Y ■ 



- (A,<r),X<& la Y 
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(d) For all (A, a), (B,p) € Zg{C), V G £ a , and X G C a , the following diagram 
commutes: 



A® B® X 



A ® x <g> £ ( ^ p) 



(A,<r)®(B,p),X 



idx®(vv)2((A,<r),(B,p)) 



(B.p) 



(°) r (l<x),i = ^(a,<t) f° r an v V ££! 

(f) x = idx ® (w)o / or a ^ G £ Q and IeC tt . 

(g) for a// a,/3 G G, (A, a) G Z G (C), (B, p) G Zp(C), (7 G £ a , V G ^, 
W G S/3 a , and S 1 G £ a -i0a> the following diagram commutes: 



{ V uh((A,a),{B,p)) 



(B,p) 01 tpu(A,<r) 



F, u 

(A,a)®(B,p) 



K' 7 



•J ^/-S.t 7 . 1 * 



(<p C /) 2 ((B,p),Vv(A,o-)) 



: j (/ .o,V,Wy.-\ (B,p) ^ ip v (A,a)- 



(h) for a^Z (A,ct) G Z g {C), a G G, (-B.p) G Z Q (C), y G £ Q , and X G &, tfce 
following diagram commutes: 



A®B®X 



A®X ®B 
X ®A®B - 



B®E{ A<a) ®X 



B ® X ® £^ >(t) 



px®id„y 



idx®r ( ^ CT)B 

By Lemma l4.7f a) . (b) . the transformation T induces a family of isomorphisms 

(21) {r(A,a),x- A®X -> X ®U(^ lxl {A,<j))} {A ^ )eZG{Q ,xec hom , 

where U : Zq(C) — ^ C is the forgetful functor. This family is natural in (A, a) and in 
X and is related to the universal cones {t a } a6 G as follows: for any (A, a) G Zg(C), 
X G Chom, and V G £\ x \, 



(id x ® W v ] )(a,<t))t( A ,<t),x = r (AiCT)i 
We call the family (|21j) the enhanced G-braiding in Zq(C). 
Lemma 4.8. for all (A, a) G Zq{C) and X, Y G Chom, 
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(a) T(A, CT ),x®y = (idx^r^^d^l, |X|)( J 4, CT ))(idx(8)r V3|x| (A,a),r)(T(A, CT ),x | 8)idr); 

(b) Given (B,p) G Z G (C), 

T(A,a)®(B,p),X =(idx ® (¥'|X|)2((A,0-),(B,p)))(T( jt , < r),X®id v , |Jf|(B) p))o 

o (id A ®T( Bj p) jX ); 

( c ) T (A,<r),l = {fo)(A,a); 

(d) T( 1)ld ) x = idx ® (¥>|x|)o/ 

(c) TTie inverse of t/a,<t),x * s computed by 

T {A,o),x ={^x ® (yo)^4 1 >ff) ^2(|^r 1 , |A"|) (Aiff) ®idx)° 

o (idx ® t V|x| (a >( t),x* ® idx)(idx®A ® coevx) 
=(id A( g.x <S>ev ¥ , |x| ( Ai(T )(^f A -| (A, ct) ® id V|X] (A,a)))° 

o (id A <g> r(A >(7 )»,x ® id V|x| (A, ( r))(coev J 4 ® idx^^^A^))- 

Proof. Claims (a)-(d) follows respectively from Lemma l4.7f c)-(f). Claim (e) fol- 
lows from the expression of the inverse of T^ A ^ x given in 14.7( a) and from the 

computation of oy 1 in terms of ay and a Y provided by (1181) for any Y G C\. □ 
Lemma 4.9. The family r = {T( A ,a),(B,p)}(AM)eZG(C),(B,p)ez G (c) hom defined by 

T(A,a),(B,p) = T(A,a),B ■ (A a) <g> (B, p) -> (B, p) <g> ip\( B ^\{A, a), 
is a G-braiding in Zq{C). 

Proof. Lemma l4.7f h) implies that tva,o-),(b,p) is a morphism in Zq(C). It is an iso- 
morphism since U(TtA,a),(B,p)) — T (A,a),B ls an isomorphism in C, and the forgetful 
functor U is conservative. The naturality of the enhanced braiding implies the nat- 
urality of r. The formulas (JTTJ) , (fl"2T) . (JT3J follow respectively from Lemmas 14.8( a). 
OTb). andSHe). □ 

Theorem 14.11 is a direct consequence of Lemma 14.91 

4.6. Proof of Lemmas 4.3 - 4.7. Let (A, a) G Z G (C). For X G d, we depict 
the morphism ax '■ A ® X — >• X ® A and its inverse a^ 1 : Jf&iA— >A®Xby 

ax = / and er v = \ 

4 ^/ <yX A 




Formula (TT51) implies that 

= s — ^ and ^- 

V 4 

These two morphisms are pictorially represented respectively as 

V V 

and v 

Y 

Axiom (fTT|) implies that for any X\ , . . . , X n G C\ , 



r 



.4 
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In generalization of this notation, if X G C\ decomposes as X = X\ ® • • • ® X n 
where X±, . . . , X n are any homogeneous objects of C, then we will depict ax as 



ox 




As usual, if an arc colored by Xi is oriented upwards, then the corresponding object 
in the source/target of morphisms is X*. For example, if X 6 C\ decomposes as 
X = X'i <E> X2 <8) X£ where Xl, X2, X3 £ C, then we depict ax as 



crx 




In this pictorial formalism, for V G C, 



(22) 



A J Jy = d V \A . 



Indeed, by the naturality of a, 










idy 





V*®V= -V'0V = d V ' 'A. 



Lemma 4.10. Let {A, a) <E Z G (C) and V <E £ a with a e G. Then 



(23) 




(A.a) — dy 



- - V • - A • • V 




(24) -V-A-V = ^(a,<t) , 




(25) 








A- 


•7 
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Note that the left hand side of (l28l) does not necessarily depict a morphism 
in itself because V may not belong to C\. The equality ([28]) means that in any 
diagram, a piece as in the left-hand side of (|28l) may be replaced with the piece as 
in right-hand side of ([28"]) and vice versa. 

Proof. Equalities ([2"3"]) and follow directly from (|19p and the definition of ttY a s . 
Composing on the right ([25)1 with qY A ^ and then using (|M|) gives (l2"5l . Simi- 
larly (l2l)l) is obtained by composing on the left ([25]) with pY A ^ . Composing ([25)1 
with ([25]) and then using ([24]) and ([22]) gives ([27]). Finally ([58]) is a direct conse- 
quence of ([23]) and ([22]). □ 

We compute now the functor ipy in this pictorial formalism for V £ £ a with 
a e G. For {A, a) £ Z G (C), we have ip v (A,a) = K ff ),7M ff )) where, for leCi, 




Using ([23]) twice, we obtain that 
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Let us prove Lemma 14.31 Firstly, 7 = jY A ^ is a half-braiding. Indeed, the 
naturality of a implies that of 7. Also, using (j!?T)) we obtain j t = id^ and 



(7x <8> idy)(idx ® 7y) = c/ y 




7x®y- 



The category C being rigid, these two equalities imply that 7 is invertible. Hence 7 
is a half-braiding. Secondly, </?y is a functor since </?y (id^o-)) = id^r^a) by (|24|) 
and, for two composable morphisms g, f in Zq{C\ (|23]l and (|25|) give 





t 
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<Pv(9)Vv{f) 




d- 1 
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<pv(gf)- 



Let us prove that </?y is strong monoidal. Let (A, cr), (£?, p), (C, g) £ Zq(C). Ap- 
plying (f28|) . we obtain 




= ci7 



■'X 




that is, 



7( V 4, CT )®(B,p),X (W2((A,C7),(S,p)) ®idj 

= (id* ® ((pv)2({A,a),(B,p)))(rf Aa)x ®id Vv{B ,p))(id ipv{A ^ ) ®tf B , P ),x)- 

Thus (<^y )2 ((-<4, c), (B, p)) is a morphism in Zq(C). Similarly, (<pv)o is a morphism 
in -Zg(C) because, by (|23|) . 



= idx ® (yy)o- 



7(i,id),x((¥'v)o ®idx) = rfy 1 
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Now (ipv)2 satisfies ([T]) since, by using (|23l) . we obtain that both 
(<f>vh((A <r) ® (B, p), (C, g)) ((cpvh ((A, a), (B, p)) ® id 

and 

(W) 2 ((A <r), (-B, p) <g> (C, g)) (id Vv(AiCT) ® (¥>y) 2 ((-B, p), (C, g))) 
are equal to 

"'4 

Axiom ([2]) is a direct consequence of (|23|) applied to (1, id). Hence ipv is a monoidal 
functor. It remains to prove that both (ipv)2((A, <r), (_B,p)) and (<pv)o are isomor- 
phisms in Zq(C). Since the forgetful functor Zq{C) — >• C is conservative, we only 
need to verify that these morphisms are isomorphisms in C. This can be done by 
verifying (using Lemma l4.10j) that 





( ( p v ) 2 {(A,a),(B,p))- 1 = d v 1 and (w)o 1 =rfy 1 





(i.id) 



J (A<r)®(-B,p) 

Finally, let us prove that <py is pivotal. For (A, a) 6 Zc(C), we obtain that 



1 



■ n ■ 



■■E v 



l p l v (A,a)=d v 3 






A similar computation gives that 



-3 



Thus (p l v (A,a) = ipy(A,a) by the pivotality of C. This concludes the proof of 
Lemma 14.31 The proof of Lemmas 14.4114.91 follows the same lines depicting the 
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morphisms involved as 




and depicting the inverse isomorphisms by 




For example, let us check Lemma l4.7f e). Let (A, a) G Zq{C), (B.p) G Zp(C), 
U G £ a , V G £/3, W G £p a , and S G £ a ~ 1 /3u, with a,/3 G G. Then 

M a ((B,/o,¥v(4o-)) (id £ , p) 0(^r) _i ^r)C(A, CT) ,^, p) 




Here, the equality (i) is obtained by applying (|23p twice and (f!Z5|). (ii) follows from 
the definition of the half-braidings of </3j/(j4,<t) and ^(A, <r), (in) is obtained by 
applying ([27]) and then (PZ!Zj) , (iw) follows from the naturality of a applied to the 
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morphism delimited by the dotted blue box (which is indeed a morphism in Ci), 
(v) is obtained by applying ((22]), and (vi) is obtained by applying ((23]). 

4.7. Remarks. 1. The G-center Zq(C) is the left G-center of C while the center 
studied in [GNN] is the right G-center Z r G (C). The objects of Zq(C) are right 
half braidings of C relative to C\, i.e., pairs (A E C,a) where a — {ax ■ X <E> A —> 
A (g) X}xeCi is a natural isomorphism such that (Jx®y = (fx ® idr)(idx ® oy) 
for all X, Y G Ci. The left and right G-centers are related as follows. Given a 
G-graded category V, denote by T>® op the G op -graded category obtained from T> 
by replacing ® with the opposite product <E) op defined by X <£>° p Y — Y <E> X and 
by setting {V® op ) a = V a for a G G. Then Z£(C) = (-Z G op(C®°p))®°p. 

2. Each G-graded pure pivotal category C with split idempotents contains a 
maximal non-singular graded subcategory. Namely, let H be the set of all a G 
G such that C Q contains an object with invertible left dimension and an object 
with invertible right dimension. Then H is a subgroup of G and the _ff-category 
®aeH C a G C is non-singular. 

5. The modularity theorem 

We state in this section our main result concerning the modularity of the G- 
center. We first discuss several important conditions on categories. 

5.1. Sphericity. A spherical category is a pivotal category C such that the left 
and right traces of endomorphisms in C coincide. For any endomorphism g of 
an object of such a C set tr(g) = tr;(<?) = tr r (<7) and for any object X G C set 
dim(X) = dimi(X) — dim r (X) — tr(idx). For instance, all ribbon categories are 
spherical, see [Tulj . 

For a spherical category, the graphical calculus of Section 12.51 has the follow- 
ing additional feature: the morphisms represented by diagrams in R 2 are invariant 
under isotopies of the diagrams in the 2-sphere S 2 = R 2 U {oo}. In other words, 
these morphisms are preserved under isotopies of diagrams in R 2 and under iso- 
topies pushing arcs of diagrams across oo. For example, the diagrams in Section 
12.51 representing tr/ (g) and tr r (g) are related by such an isotopy. The sphericity 
condition tr/((?) = tr r (g) for all g ensures the isotopy invariance. 

A G-graded category is spherical if it is spherical as a monoidal category. 

5.2. Split semisimplicity. An object i of a k-additive category C is simple if 
Endc(i) is a free Ik-module of rank 1. Then the map k — > Endc(i),fc H> fcidj 
is a k-algebra isomorphism which we use to identify Endc(«) = k. All objects 
isomorphic to a simple object are simple. If C is rigid, then the left/right duals of 
a simple object of C are simple. 

A k-additive category C is split semisimple if each object of C is a finite direct sum 
of simple objects of C and Homc(i, j) = for any non-isomorphic simple objects 
i,j of C. A set / of simple objects of a split semisimple category C is representative 
if every simple object of C is isomorphic to a unique element of /. Then any X G C 
splits as a (finite) direct sum of objects of /. In other words, there exists a finite 
family of morphisms (p a : X — > i a G J, q a : i a — > X) ae \ in C such that 

(29) idx — q a Pa and p a gp — S a> p idi a for all a, j3 € A. 

aeA 

Such a family {p a ,qa)a£A is called an I-partition of X. 
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A split semisimple category C is finite if the set of isomorphism classes of simple 
objects of C is finite. If a finite split semisimple category C is pivotal, then the 
dimension of C is defined by 



where I is a representative set of simple objects of C. The sum here is well defined 
because / is finite and does not depend on the choice of /. 

5.3. G-fusion. A G-pre-fusion category is a G-graded category C (over k) such 
that the unit object 1 is simple and 

(a) C is pivotal and split semisimple as a k-additive category; 

(b) for all a G G, the category C a has at least one simple object. 

A set I of simple objects of a G-pre-fusion category C is G -representative if all 
elements of I are homogeneous and every simple object of C is isomorphic to a 
unique clement of L. Any such set / splits as a disjoint union I = H ae G la where 
I a is the (non-empty) set of all elements of I belonging to C a . The existence of a G- 
representative set / follows from the fact that any simple object of C is isomorphic 
to a simple object of C a for a unique a S G. Note also that C a is split semisimple 
for all a £ G. 

Any G-pre-fusion category C is pure and both the left and right dimensions of 
simple objects of C are invertible (see Lemma 4.1 of |TVil] ). If k is a field (or, 
more generally, a local ring), then C has split idempotents. Therefore any G-pre- 
fusion category C over a field is non-singular. Such a C satisfies the hypothesis of 
Theorem 14. li and so, Zq{C) is a pivotal G-braided category with pivotal crossing. 

A G-fusion category is a G-pre-fusion category C (over k) such that the set of 
isomorphism classes of simple objects of C a is finite for all a s G. 

5.4. Modularity. A G-modular category is a G-ribbon G-fusion category V whose 
neutral component T>\ is modular in the sense of |Tul] . that is, the S -matrix 
(tr (cj,iCi,j))i,j is invertible over k. Here i,j run over a representative set of simple 
objects of T>\ and Cij : i <S> j —> i <£> j is the braiding flT4")) in T)\ . 

Theorem 5.1. Let C be a spherical G-fusion category over an algebraically closed 
field such that dim(Ci) 0. Then Zq(C) is a G-modular category. 

The proof of Theorem 15 . 1 1 given below is based on the following two key lemmas. 

Lemma 5.2. Let C be a spherical G-pre-fusion category with split idempotents. 
Then Zq(C) is a G-ribbon category. 

Lemma 5.3. Let C be a G-fusion category over an algebraically closed field such 
that dim(Ci) ^ 0. Then Zq(C) is a G-fusion category. 

The proof of Lemma 15.31 uses the following claim of independent interest. 

Lemma 5.4. Let C be a split semisimple pivotal category over an algebraically 
closed field such that the unit object 1q is simple. Let T> be a finite split semisimple 
pivotal subcategory of C (not necessarily full) such that dim(2?) ^ 0. Then the 
relative center Z(C;T>) is split semisimple. 

Lcmma [5.2l is proved in Section[5]and Lemmas l5.3l and l5.4l are proved in Section^ 
The arguments in Section [5] use the results of Sections [7] and [S] concerned with 
monads and coends, respectively. 
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5.5. Proof of Theorem 5.1. By Lemmas 15.21 and 15. 3[ Zq(C) is a G-ribbon G- 
fusion category. The neutral component Z\(C) of Zg(C) is isomorphic to the center 
Z(d) = Z(Ci;Ci) of d. Since C is spherical, so is d. By [MSI Theorem 1.2], 




Z(Ci) is modular. Therefore Zq{C) is G-modular. 

5.6. Example. The G-ribbon category V = T>{ir) derived from a group epimor- 
phism 7r : H — > G in Section 13.51 can be realized as the G-center of a non-singular 
pivotal G-graded category. To see this, observe that any pivotal ii-graded category 
C gives rise to a pivotal G-graded category 7r* (C) which is equal to C as a pivotal cat- 
egory and has the grading 7r*(C) = <S) a eG^*{C) a where 7r*(C) Q = ®heir- 1 (a)^h- We 
apply this observation to the £f-ribbon category C — 2?(id# : H H) of -ff-graded 
finitely generated projective Ik-modules. It is easy to see that C is spherical and has 
split idempotents. For h £ H, let h[h] £ C be the Ik-module which is k in degree 
h and zero in all other degrees. The category C is non-singular since its monoidal 
unit k[l] is simple and for h £ H, the module k[h] has categorical dimension 1. 
This implies that the category = 7r*(C) is non-singular. By Theorem 14. 11 the G- 
center of C* is a G-braided category. We claim that the G-braided categories V and 
ZoiC 7 *) are equivalent. To see this, let s: G — > H be the map used in the definition 
of D in Section 13751 Using the objects (k[s(a)]) ae c of C, one can explicitly describe 
Z G (C n ), cf. SectionslHrEZQ In particular, a relative half braiding (M, a) £ Z a {C*) 
defines a right action of K = Ker 7r on M by m ■ k — (7Ms{a)] ( m ® Ifc) for m £ M and 
k £ K. This determines the required equivalence ZgIC^ ~ T>. Furthermore, if K 
is finite and k is an algebraically closed field whose characteristic does not divide 
the order #K of K, then it is easy to see that C" is a spherical G-fusion category 
and dim(CJ r ) = #K. Theorem 15.11 implies that Zg{C v ) is a G-modular category. 
We deduce that in this case the category V is G-modular. 



6.1. A ribbonness criterion. Consider a non-singular G-graded pivotal category 
C. Let, for a £ G, the symbol £ a denote the class of all V £ C a with invertible left 
dimension dy — dim;(V) £ k. By Theorem 14. 1[ the G-center Zq(C) is a pivotal 
G-braided category with pivotal crossing. The corresponding twist 9 in Zg{C) is 
computed as follows: if (A, a) £ Z a (C) with a £ G, then for any U £ £ a , we have 
0(A,<t) — { L u)~(A <r)^(A ct) w h ere i s the universal cone ([2"U]) and 



By definition, Zq[C) is G-ribbon if 9 is self-dual, see Section T3.4I The following 
lemma gives a necessary and sufficient condition for Zq(C) to be G-ribbon. 

Lemma 6.1. Zq{C) is G-ribbon if and only if 
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for all a s G, (A, a) G Z a (C), and U € £ a . 

Proof. Recall that 9 is self-dual if for all a S G and (A, a) 6 Z a (C) , 

(30) {6(A,a)T = ((^o)(A :CT ))*(v'2(a _ \a) (A 1 , (T) )Va-i( < y J a(^,cr))6i ((Pc<(j 4 :(T)) .. 

Pick any U £ £ Q , V € 5a- 1 , an d G £i- Composing (|30]) on the right with 
we rewrite ()30|) in the equivalent form 

(31) (^r = (WftO-T^W^^l^).. 

Now, using the pictorial formalism of Section 14.61 Lemma l4.10| and the definition 
of i], £, (fy, we obtain that the left-hand side of (|3T|) is equal to 




while the right-hand side of pip is equal to 
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The last equality is exactly the condition of the lemma. □ 

6.2. Proof of Lemma 5.2. We check the criterion of Lemma [6.11 for any (A, a) 
and U. Pick a representative set I of simple objects of C. Let 

(px : A <g) U* ->• U, ?a : «A -> A <g> C/*) Ae A , (pL : t/* <S> 4 -> i*, <?L : i w ->• C/* ® A) w£fi 

be /-partitions of A ® ?7* and U* ® A, respectively. For any A € A and we!! such 
that i\ = = i I, we have 
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Here the first and the last equalities follow from the simplicity of i and the formulas 
di = dini;(i) = dim r (i). The other equalities follow from the isotopy invariance in 
S 2 and the naturality of a. We conclude using that any morphism f : A®U* — > 
U* ®A expands as / = XLen.AeA «L(pL/<?a)pa where p'Jq\ = for i\ ^ i u . 

7. Monads and Hopf monads 

Monads, bimonads, and Hopf monads generalize respectively algebras, bialge- 
bras, and Hopf algebras to the categorical setting. The concept of a monad origi- 
nated in Godement's work on sheaf cohomology in the 1950s. Bimonads were intro- 
duced by Moerdijk |Moj in 2002. Hopf monads were introduced by A. Bruguieres 
and the second author |BVlj in 2006, see also B\'2i [BLV] . We recall here the basics 
of the theory of monads, bimonads, and Hopf monads needed in the sequel. 

7.1. Monads and modules. Given a category C, we denote by End(C) the cate- 
gory whose objects are endofunctors of C (that is, functors C — > C) and morphisms 
are natural transformations between the endofunctors. The category End(C) is a 
strict monoidal category with tensor product being composition of endofunctors 
and unit object being the identity functor 1q : C — >• C. A monad on C is a monoid 
in the category End(C), that is, a triple (T £ End(C), fi, rj) consisting of a functor 
T: C —> C and two natural transformations 

Li = {nx-T 2 {X)^T{X)} XeC and V = { Vx : X ^ T(X)} XeC 
called the product and the unit of T, such that for all A G C, 

VxT(fix) = ^xPt(x) and ^xVt(x) = idr(X) = PxT(rj x )- 

For example, the identity functor 1q : C — > C is a monad on C with identity as 
product and unit. This is the trivial monad. 

Given a monad T — (T,fi,r)) on C, a T- module is a pair (M S C,r) where 
r: T(M) —¥ M is a morphism in C such that rT(r) = r/iM and rr\M = idjvf- We 
call such a morphism r an action ofT on M. A morphism from a T- module (M, r) 
to a T- module (N, s) is a morphism /: M ->■ N in C such that fr = sT(f). This 
defines the category of T -modules, C T , with composition induced by that in C. We 
define a forgetful functor U T : C T -> C by C/ T (M, r) — M and t/ T (/ ) = /• We also 
define the /ree module functor F T : C -> C T by F T (X) = (T(X),(j,x) for IeC and 
Fx(f) = T(f) for any morphism / in C. The functors Ft and C/t are adjoint: there 
is a system of bijections Hohi c t(F(A), Y) = Honic(A, Ut(Y)) natural in X G C, 
y G C T . For an endofunctor Q of C T , the functor Q x T = U T QF T : C -> C is 
called the cross product of Q with T. For example, I^t xi T = T. If T is the trivial 
monad, then C T =C, F T = U T = 1 C , and Q x T = Q for all Q G End(C). 

If C is k-additive and T is k-linear, then the category C T is k-additive and the 
functors Ut, Ft are k-linear. 
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7.2. Comonoidal functors. To introduce bimonads and Hopf monads we ought 
to replace endofunctors in the definitions above by comonoidal endofunctors. We 
recall here the relevant definitions. 

Let C and T> be monoidal categories. A comonoidal functor from C to T> is a 
triple (F, F2, Fq), where F : C — >• T> is a functor, 

F 2 = {F 2 (A, Y) : F(X ® Y) -> F(X) ® F(y)} x , Ke e 

is a natural transformation from F(g> to F ® F, and Fo : F(t) — > 1 is a morphism 
in 2?, such that 

(id F(x) ® F 2 (y Z))F 2 (X, Y®Z)= (F 2 (X, Y) ® id F(z) )F 2 (X ®Y,Z); 
(id F(x) ®F )F 2 (X,1) =id F{x} = (F ®id F{x) )F 2 {±,X); 

for all objects X, Y, Z of C. A comonoidal functor (F, F 2 ,Fq) is strong (resp. strict) if 
Fq and all the morphisms F 2 (X, Y) are isomorphisms (resp. identities). The formula 
(F,F 2 ,Fq) n> (F, F 2 , Fo ) establishes a bijective correspondence between strong 
(resp. strict) comonoidal functors and strong (resp. strict) monoidal functors. 

A natural transformation <p — {(fx - F(X) — > G(X)}x<=c from a comonoidal 
functor F: C — > T> to a comonoidal functor G : C — > T> is comonoidal if Go</?i = Fq 
and G 2 (A,y)^ x ®y = ® ^)F 2 (X, F) for all I.YeC. 

If F: C — > V and G: V ^ £ are comonoidal functors between monoidal cate- 
gories, then their composition GF : C — > £ is a comonoidal functor with 

(GF) = G G(F ) and (GF) 2 = {G 2 (F(X), F(Y))G(F 2 (X,Y)} x , YeC . 

7.3. Bimonads. For a monoidal category C, denote by End col g)(C) the category 
whose objects are comonoidal endofunctors of C and morphisms are comonoidal 
natural transformations. The category End col g,(C) is strict monoidal with compo- 
sition of comonoidal endofunctors as tensor product and the identity functor 1q as 
monoidal unit. A bimonad on C is a monoid in the category End co ®(C). In other 
words, a bimonad on C is a monad (T, fi, n) on C such that the functor T: C — > C 
and the natural transformations /i and rj are comonoidal. For example, the trivial 
monad on C with identity morphisms for comonoidal structure and for and rj is 
a bimonad called the trivial bimonad. 

Let T = ((T, T2, To), /j, rj) be a bimonad on a monoidal category C. The category 
of T- modules C T has a monoidal structure with unit object (1, To) and with tensor 
product 

(M, r) ® (JV, s) = (Af ® JV, (r <8 s) T 2 (M, A)) . 

By [BV21 Sect. 3.3], the forgetful functor [7t : C T — > C is strict monoidal while the 
free module functor Ft ■ C — >• C T is comonoidal with (Fr)o = Fo and (Fr) 2 (A, y) = 
F 2 (A, y) for any X,Y eC. By [BV2l Sect. 3.7], for any Q £ End co0 (C T ), the cross 
product Q x F = U T QF T G End(C) is comonoidal with (Q x F) = QoQ((F T )o) 
and (Q x F) 2 = Q 2 Q((Ft) 2 ). The formula Q ^ Q » T defines a monoidal functor 

(32) ?*F: End co8 (C T )^End co0 (C) 

with monoidal structure 

((? x F) )x = Vx : X -> F(A) and ((? x F) 2 (Q, F))x = C/tQ^f^a-)) 

for any leC and G End co( g,(C T ), where e is the counit of the adjunction 

(Ft,Ut), that is, the natural transformation FtUt —> lc T carrying (Af, r) G C T 
to r. 
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7.4. Hopf monads. Given a bimonad (T, fi, n) on a monoidal category C and 
objects X, Y G C, one defines the left fusion morphism 

H l X Y = (T(X) ® n Y ) T 2 (X, T(Y)) : T(X ® T(Y)) -> T(X) ® T(F) 

and the rig/i£ fusion morphism 

H X ,Y = (MX ® ^(y)) T 2 (T(A), Y) : T(T(X) ® F) -)• T(X) ® T(Y), 

see [BLV] . A ffop/ monad on C is a bimonad on C whose left and right fusions are 
isomorphisms for all X,Y E C. For example, the trivial bimonad on C is a Hopf 
monad called the trivial Hopf monad. 

When C is a rigid category (see Section I2.3|) and T is a Hopf monad on C, the 
monoidal category C T has a canonical structure of a rigid category. This structure 
can be computed from the natural transformations 

S ' = {4:T( v r(I))^ v I} M and s r = {s r x : T(T(A) V ) -> * v }a- gC 

called the Ze/t ancZ rig/it antipodes and determined by the fusion morphisms: 

s-sf = (ToT(ev T ( X) )(i7v T(x) x )~ 1 <g> v ryA-)(id T (VT(A-)) ®coev T ( X )) 

and 

s x = (jlx ^TQT(^ T ^ X ))(H X T{x)v )~ 1 )(6oev Ti x) ® idr(T(x) v ))- 
Then the left and right duals of any T- module (M, r) G C T arc defined by 
v (A/,r) = ( V M, s' M T( v r): T( V M ) -> V M), 
(M,r) v = (M v , S ^T(r v ): T(M V ) -> M v ). 
Though we shall not need it, note that, conversely, a bimonad T on C such that C T 
is rigid is a Hopf monad. 

8. COENDS, CENTRALIZERS, AND FREE OBJECTS 

We outline the theory of coends [Mac] and discuss connections with Hopf monads 
and relative centers. 

8.1. Coends. Let C, V be categories and F : T>° p x V — > C be a functor. A dinatural 
transformation from F to an object A of C is a family d = {dy ■ F(Y. Y) — > A}yet> 
of morphisms in C such that for every morphism / : X — > Y in T> (viewed also as a 
morphism Y — > X in T> op ), the following diagram commutes: 

Ffidy,/) 

F{Y, X) — ^ F{Y, Y) 

F(fMx 

F(X, X) A. 

The composition of such a d with a morphism <j>: A — > B in C is the dinatural 
transformation (j> o d — {</> o dx ■ F(Y,Y) — > B}yev from F to B. A coend of F 
is a pair (C G C,p) where p is a dinatural transformation from F to C satisfying 
the following universality condition: every dinatural transformation d from F to 
an object of C is the composition of p with a morphism in C uniquely determined 
by d. If F has a coend (C, p), then it is unique up to (unique) isomorphism. One 
writes C = J e F(Y,Y). In particular, if the category C is monoidal, then for any 
functors F t : V op ^ C, F 2 : V ^ C, we write J YeV Fx(Y) ® F 2 {Y) for the coend 
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(if it exists) of the functor V op x T> — > C defined on objects and morphisms by 



The following lemma gives a sufficient condition for the existence of coends. 

Lemma 8.1. Let C andV be h-additive categories. IfD is finite split semisimple, 
then any k-linear functor F : T> op x T> —> C has a coend. 

Proof. Pick a (finite) representative set I of simple objects of V and set C = 
S) ieI F(i,i) e C. For each object Y £ V, set p Y = J2 a F (<l<*>Pa) : F ( Y > Y ) ~> c 
where (p a : Y — > i a , q a : i a — > Y) a is an arbitrary /-partition of Y. It is easy to 
check that py does not depend on the choice of the /-partition and (C, p = {py}y) 
is a coend of F. Indeed, each dinatural transformation d from F to any A G C is 
the composition of p with ©,gj d% : C — > A. □ 

The next lemma is a partial inverse to Lemma 18.11 It shows that a finiteness 
condition is necessary to for the existence of coends. 

Lemma 8.2. Let C be a h-additive pivotal category whose Horn-spaces are projective 
h-modules of finite rank, and let T> be a split semisimple full subcategory of C. If 
the coend J YeV Y* ®Y exists in C, then T> is finite. 

Proof. Let C = J YeV Y* <g> Y be the coend of the functor F(X, Y) = X* ® Y 
with universal dinatural transformation p — {py'- Y* ® Y — > C}yev. Let / be a 
representative set of isomorphism classes of simple objects of T> and let J C / be 
an arbitrary finite subset of /. Set A = ©ig j i* <E) i G C. For any Y G T>, set 



where (p a : Y — > i a ,q a ■ ia — > Y) a is an /-partition of Y. It is easy to check 
that dy does not depend on the choice of the /-partition and that the family 
{dy}y is a dinatural transformation from F to A. Therefore there is a morphism 
p: C ~> A such that dy = ppy for all Y G V. Set q = Pi ■ A -t C. Then 

pq = J^iejPPi = Hie.j di = idyl- Thus, the composition with q induces a split 
injection Homc(l, A) — > Homc(l,C). Hence 



8.2. Lift of coends. Let T = ((T, To), p,, rj) be a Hopf monad on a rigid cate- 
gory C and let I? be a subcategory of C such that T(T>) C T>. The functor T restricts 
to a monad on T>, also denoted T, and the corresponding category of modules T> T 
is a subcategory of C T . The following lemma allows us to lift from C to C T the 
coends of certain functors V op xD-^C associated with endofunctors of C T . 

Lemma 8.3. Let Q be an endofunctor of C T such that there exists a coend 



(X,Y) ^ F 1 {X)®F 2 {Y). 



dy = &®Pa'>Y* ®Y -> A 



card(J) = ^ rank k (Hom c (i, i)) = ^ rank k (Hom c (l, z* (g) i)) 
ie.J ieJ 
= rank k (Hom c (l,v4)) < rank k (Hom c (l, C)). 



This bound implies the claim of the lemma. 



□ 
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Then there exists a coend J MeT> y Q(M)® M G C T carried by the forgetful functor 
C T — » C to C. More precisely, if 

P={pY- V (Q * T)(Y) ® Y -> C}y e2 , 

is tfte universal dinatural transformation of C , then there is a unique morphism 
r : T(C) -> C in C such that for all Y eP, 

rT(p y ) = p T (y ) ( V Q(Mr>o><T(r)7X N V) ® id T(r) ) T 2 ( V (Q x T)(F),y), 
where ay is the T -action of the T -module QFt(Y). Then r is an action ofT on C 
and (C,r) = j MeT> V Q(M) (g> M with universal dinatural transformation 

Q = {Q(n, s ) = PnCQ(s) ® idjv) : V Q(^V, s) ® (N, s) -> (C, r)} (JV , s)e23 T. 
Proof. This is a direct corollary of Lemma 3.9 and Proposition 3.10 of |B V2j . □ 

8.3. Centralizers of endofunctors. Let C be a rigid category and T> be a sub- 
category of C An endofunctor i? of C is T>-centralizable if for each X G C, the 
functor 2?°p x 2? -> C defined by (Y, V) h-> v £(y) ® X ® F' has a coend 

Z%(X) = v E(Y)®X®YeC. 

The correspondence X i-> Z^(X) extends to a functor Zj? : C — > C, called the 
T>-centralizer of E, so that the associated universal dinatural transformation 

(33) Px ,Y- W E(Y) ®X®Y -> ZgpO 

is natural in X G C and dinatural in Y G T>. For T> = C, the notion of a centralizer 
of an endofunctor was introduced in [BV2] , 

When the identity endofunctor \q of C is D-centralizable, we say that C is T>- 
centralizable. For example, the endofunctor 1q is £>-centralizable if the category T> 
is finite split semisimple, see Lemma \8. II Moreover, any (finite) representative set 
I of simple objects of V determines a D-centralizer Z : C — > C of 1q- The functor 
Z carries any X G C to Z(X) = ©igj i* ® I ® i and carries any morphism / in C 
to Z(f) = ©.e/id,. <g>/®idj. 

8.4. Relative centers and free objects. Let C be a rigid category and V be & 
rigid subcategory of C, i.e., V is a monoidal subcategory of C stable under both left 
and right dualities. Suppose that C is P-centralizable. We construct a Hopf monad 
Z = Zx) on C such that the relative center Z(C; T>) is monoidally isomorphic to the 
category C z . 

Let Z : C — > C be a P-centralizer of lc with universal dinatural transformation 
P = {px.Y : V Y®X®Y^ Z(X)} XeC ,Yev. 
For X G C and Y eV, set 

<9a-,y = (idy <g> p^yXcoevy ® id^y) :I®F478 
We depict the morphism <?x y as follows: 



Y Z(X) 




X Y 
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Y 1 Y 2 Z(X) Y 1 S,Y 2 Z(X) 




X Yi Y 2 X Yi®Y 2 




Figure 1 . Structural morphisms of Z = Zqy 



For any X, X\, X2 G C, the parameter theorem and the Fubini theorem for coends 
(see MacJ) imply the existence of (unique) morphisms 

fix - Z(Z(X)) -> Z(X), Z 2 (X 1 ,X 2 ): Z{X X <g> X 2 ) -> Z{X{) ® Z{X 2 ), 

Z :Z(t)^±, s l x : ZC / Z(Xj)^ v X, s r x : Z(Z(X) y ) -». X\ 

such that the equalities of morphisms shown in Figure [T] hold for all Y,Yi,Y 2 € T>, 
where the trivalent vertex in the third picture stands for d± t Y '■ Y — > Y (g) Z(l). 

Lemma 8.4. (a) Let r\ — {j]x\xec where rjx = dx,i- X — > Z(X) for all 
X e C. Then Z = ((Z,Z 2 ,Z ) , fi, 77) is a Hopf monad on C with left 
antipode s l — {s l x }x£C and right antipode s r = {s r x }xec- 

(b) Let ^ : C z — > Z{C; V) be the functor carrying any object (M, r) 6 C z to 
(M,a r ) with cr r = {a r Y = (idy ® r)d M ,Y ■ M ®Y -> Y <g> M} Y ^v and 
carrying any morphism to itself. Then \& is a strict monoidal isomorphism, 
and the composition of ^ with the forgetful functor Z(C]T>) — > C is equal 
to the forgetful functor Uz ■ C z — > C. 

(c) If C is k-additive, then the categories C z and Z(C\ T>) are k-additive and 
the functors Z and 'J/ are k-linear. 

Proof. The proof of (a) and (b) is obtained from the proof of Theorems 5.6 and 
5.12 in |BV2j by replacing FgC with Y G T> whenever necessary and in particular 
by replacing J YeC y Y ®X®Y with f YeD V Y®X®Y. Claim (c) is obvious. □ 

We use this lemma to define free objects in Z(C; T>). Recall from Section [T7TI the 
free module functor Fz : C — > C z is left adjoint to the forgetful functor UzC z — > C. 
It is clear that the functor *S?Fz : C — > Z(C; V) is left adjoint to the forgetful functor 
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U: Z(C;T>) — > C. An object of Z(C;T>) is said to be free if it is isomorphic to 
$>F Z (X) for some X eC. 

8.5. The case of G-centers. We shall apply Lemma T8.4I to study the G-centcrs 
of G-graded categories. Consider a rigid G-graded category C such that C is C\- 
centralizable. Lemma |8 . 41 provides an extension of any Ci-centralizer Z : C — » C to a 
Hopf monad on C and a k-linear strict monoidal isomorphism "P: C z — > Z(C\C\) = 
Zc{C). We can always choose Z so that Z(C a ) C C a for all a G G. Then Z 
restricts to a monad on C a , and the corresponding category of modules, denoted 
C z , is a full subcategory of C z . This turns C z into a G-graded category. It follows 
from the definitions that W preserves the G-grading. In the terminology above, an 
object of Zq(C) is free if it is isomorphic to an object in the image of the functor 
^F z : C -)• Z G {C) left adjoint to the forgetful functor U: Z G (C) C. 

The Ci-centralizability condition on C is satisfied, for example, if C\ is finite split 
semisimplc. 

9. Proof of Lemmas 5.3 and 5.4 

We begin with a fairly general lemma concerning morphisms between indecom- 
posable objects in abelian categories. Next, we formulate an extension of the graph- 
ical calculus allowing to incorporate partitions of objects. Finally, we use these tools 
and the theory of Hopf monads to prove Lemmas 15.31 and 15.41 

9.1. Indecomposable objects in abelian categories. We recall several stan- 
dard definitions of the theory of categories. An object X of an additive category 
is indecomposable if X is non-zero and whenever X decomposes as X — X\ © X2, 
we have X\ = or X2 = 0. For example, all simple objects of a Ik-additive 
category are indecomposable. An abelian category is an additive category such 
that any morphism / has a kernel and a cokernel and coker(ker/) ~ ker(coker/). 
A monomorphism in a category is a morphism q: X — > Y such that any two 
morphisms f,g:A—}X with qf = qg must be equal. A retract of a morphism 
q: X — > Y is a morphism p: Y — > X such that pq = idx- Clearly, if q has a retract, 
then q is a monomorphism. 

Lemma 9.1. Let A be an abelian category in which any monomorphism has a 
retract. Then any morphism between indecomposable objects of A is either zero or 
an isomorphism. 

Proof. Let / : M — > P be a morphism in A where M, P are indecomposable objects. 
Let q : N — > M be the kernel of /. Then q is a monomorphism in A and, by 
assumption, q has a retract. Since A is abelian, this implies that N is a direct 
summand of M. The object M being indecomposable, we have N = or M = 
N (BO — N. In the latter case, q is an isomorphism, and so / = (because fq = 0). 
Assume that N = 0. Then / is a monomorphism (since it is a morphism with zero 
kernel in an abelian category). By assumption, / has a retract g: P — > M. In 
particular gf = idM and so e = idp — fg is an idempotent of P. Since A has split 
idempotents (because it is abelian), there exist an object A G A and morphisms 
u: A — > P and v. P — > A in A such that vu = i<1a and e = uv. In particular, 
idp = fg + uv and so P = M © A. Since P is indecomposable, M = or A = 0. 
If M = 0, then / = 0. If A = 0, then uv = 0, and so fg = idp, which implies that 
/ is an isomorphism (because gf — idM)- D 
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9.2. Extension of graphical calculus. Let C be a split semisimple pivotal cat- 
egory. Clearly, the Horn spaces in C are free k-modules of finite rank. For X 6 C 
and a simple object i £ C, the modules Homc(X, i) and Homc(i, X) have the same 
rank denoted N x and called the multiplicity number. 

An i- decomposition of X is a family of morphisms (p a : X — > i,q a : i — > X) ae A 
such that card(j4) = N x and p Q = 8 a ,p id^ for all a, j3 € A. Note that if / is 
a representative set of simple objects of C and (p ai q a ) a <£A is an /-partition of X 
in the sense of Section |5.2[ then for each i £ I the family (p ai q a )a£A, i a =i is an 
i-decomposition of X. Conversely, the union of i-decompositions of X over all i E I 
is an /-partition of X . 

Let i be a simple object of C and let (p a : X — > i,q a : i — > X) a £A be an i- 
decomposition of an object X of C Consider a sum 




where the gray area contains an oriented planar graph whose edges and vertices 
are labeled by objects and morphisms of C not involving PaiQa- 

By the graphical 

calculus of Section l2~5l this sum represents a moronism in C. Note that the tensor 
J2 a eAP a ®9o € Homc(X, i) <g)fe Homc(i,X) does not depend on the choice of the 
i-decomposition of X. Therefore the sum above also does not depend on this choice. 
We graphically present this sum by 




where the gray area contains the same planar graph as before and two curvilinear 
boxes are endowed with one and the same color. If several such pairs of boxes 
appear in a picture, they must have different colors. 

Note that tensor products of objects may be depicted as bunches of strands. For 
example, 



>Y®Z* X/ -Y\Z 




and 



\X*d>Y®Z* X V \/ ' 



where the equality sign means that the pictures represent the same morphism of C. 
To simplify the pictures, we will represent 



by 



■■X 



and 



by LJ 

T 



X 
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iel 



i,j,k£l 



Z 2 (X, Y) = J2 \ \i J J -Z{X®Y)^ Z(X) ® z(y), 

Z 2 (X)^Z(X), 

ryx = idx : X -4 X = 1* <g> X <g> 1 

Z(Z{X)*) -> X*. 

Figure 2. Structural morphisms of the Hopf monad Z 



u - A 

' T T » I * T T J 



• s v — s x — £ 



9.3. Proof of Lemma 5.4. Fix a (finite) representative set I of simple objects 
of T> such that lei Consider the associated D-centralizer Z : C — > C of lc as 
defined in Section 15731 By Lemma l874T a). the functor Z extends to a Hopf monad 
((Z, Z2, Zq)-, (J-, rj) on C with structural morphisms shown in Figure [2j 
For X e C, set 



dim r (i) 



, £j dim(D) 



X ->• Z 2 (X) = Z(Z(X)). 



It is clear that 7^ is natural in X £ C. 

Lemma 9.2. T/ie natural transformation 7 = {7^ : X — > Z 2 (X)}xeC satisfies 
Vxlx = Vx and Z(fi x hz(X) = Vz(x)Z(jx) 

for any leC. 



In terminology of [BVl] Section 6], Lemma [9.21 may be reformulated by saying 
that the Hopf monad Z is separable. 



Proof. For X e C, 



dim r (i) 



w= E dim{v) 

i,j,kel y ' 



3 \$ 



i (i) >— ^ dim r (i) 
^ dim(X>) 



4 



A 



••A 
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E 



dim I .(i) dim;(i) 
dim(X>) 



(iv) : 



(«) 



X 



•■X 



Vx, 



where the dotted lines represent idi and can be removed without changing the 
morphisms (we depicted them in order to remember which factor of Z(X) is con- 
cerned). In the above, the equality (i) follows from the fact that there are no 
non-zero morphisms between non-isomorphic simple objects, and so 



(34) 





where Sj^* ~ 1 if j is isomorphic to i* and 8j^* = otherwise. (If j is isomorphic 
to i* , then the right picture implicitly involves a box labeled with an isomorphism 
i* — > j attached to the top of the left string and a box labeled with the inverse 
isomorphism j — >■ i* attached to the bottom of the right string.) The equality (ii) 
follows from the fact that for k G I, a morphism 1 — > k is zero unless k = 1. The 
equality (iii) follows from the equality 



(35) 




which is a consequence of the duality and the fact that Homc(i, i) = k. Finally the 
equalities (iv) and (v) follow from the definitions of dim(£>) and rjx, respectively. 
Let us prove the second equality of the lemma. We have: 



i,j,k,n£l v ' 











x\ 


1.1 


A) 












(i) sr-^ dim r (z) 
f-~* dim(X») 

(U) ^ dim;(fc) ] I 



^ dim(X») 
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■■k 



(Hi) 



dim r(j) |i, , 

dim(P) I ^ 



E 




In the above, the equality (i) follows from (|34|). (in) follows from (|34|) and the 
fact that if j ~ fe* then dim; (A;) = dim/(j*) = dim r (j), and (ii) follows from the 
following equality: for any i,k,n G /, 



(36) 





1 








Ml 




It remains to prove 
decomposition of n Cg> % 



Let (p Q : n ® i* 
For q£A, set 



k,q a : k —5- n ® i*) a eA be a fc- 




and Q a = 




For a, /3 € A, 



tr r (P a Q^) trj^o,^) tr;(5 ai/S id fe ) dim; (A;) 

10.,; = — TT^lO-i — — lUj — Oa,^ — — lu,: 



dim,.(i) dim r (i) dim r (i) ' dim,.(i) 

Therefore, since card(A) = N%®i* — iV£» gn , we obtain that the family 

/ dim r (i 



\dim l (k) Pa,Qa / 

is an i-decomposition of k* <g> n, from which we deduce (|36|) and the lemma 



□ 

Lemma 9.3. Any monomorphism in the category C z of Z -modules has a retract. 

Proof. Let q: (N,s) (M,r) be a monomorphism in C z . The forgetful functor 
C z — > C is a right adjoint of a functor C — > C z and so carries monomorphisms in C z 
to monomorphisms in C. Thus, q: N — > M is a monomorphism in C Expanding TV 
and M as direct sums of simple objects of C we can represent q by a matrix over 
the field Ik. Using standard arguments of linear algebra, we conclude that there is a 
morphism v: M —> N in C such that vq = id^. Set p = sZ(vr)jM '■ M —> N where 
7 is the natural transformation of Lemma 19.21 Then 

sZ(p) = sZ{ S )Z 2 (vr)Z{ lM ) 

= s/iNZ 2 (vr)Z('jM) since s is a Z-action, 

= sZ(vr)\Xz(M)Z{^jM) by the naturality of /i, 

= sZ(vrfi M hz(M) by Lemma[9?2l 

= sZ{vr)Z (r) r )z(M) since r is a Z-action, 

= sZ(vr)^fMf by the naturality of 7, 
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Thus, p is a morphism (M, r) — > (N, s) in C z . Also, 
pq = sZ(vr)j M q 

= sZ(vrZ(q))"fN by the naturality of 7, 

= sZ(vqs)~/N since q is Z-linear, 

= sZ(s)"fN since vq = id^, 

— s^n7n since s is a Z-action, 

= sr/N by Lemma l9~2l 

= id.Ar since s is a Z-action. 
Hence, p is a retract of q. □ 

We can now complete the proof of Lemma 5.4. Since C is a split semisimple cat- 
egory over k which is assumed to be a field, C is an abelian k-additive category with 
finite-dimensional Horn-spaces. Since the Hopf monad Z is k-linear and preserves 
cokernels (because Z has a right adjoint by |BV1| Corollary 3.12]), we deduce that 
C z is an abelian k-additive category with finite-dimensional Horn-spaces. 

Combining Lemmas 19.11 and 19.31 we obtain that the Horn-spaces between non- 
isomorphic indecomposable Z-modules are zero, and the algebra of endomorphisms 
of an indecomposable Z-module is a finite-dimensional division k-algebra. Since the 
field k is algebraically closed, such an algebra is isomorphic to k. Thus, all inde- 
composable Z-modules are simple. The finite-dimensionality of the End-spaces in 
C z implies that any Z-modulc is a finite direct sum of indecomposable Z-modulcs. 
Hence, C z is split semisimple. By Lemma I8.4f b).fc). the k-additive categories 
Z(C;T>) and C z are isomorphic. Therefore, Z(C;T>) is split semisimple. This con- 
cludes the proof of Lemma [ST4l 

9.4. Proof of Lemma 5.3. Since C is a G-fusion category, it is split semisimple, 
its unit object 1 is simple, and each C a with a £ G is finite split semisimple. 
Lemma WA\ applied to V — C\ yields that Zq{C) — Z(G;C{) is split semisimple. 
The unit object of Zg(C) is simple because 1c is simple. It remains to prove that 
the set of isomorphism classes of simple objects of Z a (G) is finite for all a G G. 
In the notation of Section 18.51 it is enough to prove that the set of isomorphism 
classes of simple objects of the category C z is finite. By Lemma I&21 it suffices to 
prove that the coend 

/•(iv,s)ecf 

/ {N,sY®{N,s) 

exists in C z . Lemma 18.31 and the equality l c z xi Z = Z imply that it is enough to 
establish the existence of a coend J " Z(Y)* ® Y in C. The latter follows from 
Lemma |8. II because C a is a finite split semisimple subcategory of C. 

10. Crossing and G-braiding via free functors 

In this section, C is a rigid G-graded category which is G-centralizable in the 
sense that C is C Q -centralizable for all a G G (see Section I5TT]) . By Section [5751 the 
forgetful functor Zq{C) —t C has a left adjoint T : C — > Zg(C), and the objects of 
Zq{C) isomorphic to objects in the image of T are said to be free. We introduce 
here a larger class of G-free objects of Zq{C) and compute for them the crossing 
and the G-braiding in Zq(C). 
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Y Z a {Xi) Z a (X 2 ) 

J L 



Y ZJXi) ZJXz) 




X 1 >SX 2 Y 




Xi x 2 





Y'tDY Z„ a (X) 




X Y' ®Y 

Figure 3. The structural morphisms of Z 



10.1. Free functors. By assumption, for all a £ G and X £ C, the coend Z a (X) = 
jY£C a vy ® X ®Y exists in C. Let Z a = : C -t C be a C Q -centralizer of l c 
with universal dinatural transformation 

(37) P a = {p a x.Y- y Y®X®Y Z a (X)} XECtYeCa . 

li X E Op with (3 E G, then we always choose Z a (X) in C a -i0 a . 
For any X £ C and V £ C Q , set 

(38) d X Y = (idy ® /Ox,y)(coevy ® id X0y ) : X <g> F y ® Z Q (X), 
which we depict as 

°X,Y — 

X Y 

For any Xi, X2 E C, the parameter theorem and the Fubini theorem for coends (see 
Mac ) imply the existence of unique morphisms 

{Z a ) 2 (X u X 2 ): Z a (X x ®X 2 )^ Z a (X 1 )®Z a (X 2 ), {Z a ) : Z a (t) -> 1 

such that the first two equalities of Figure |3] are satisfied for all Y E C a . Similarly, 
for any a, ft E G and X E C there is a unique morphism Zi{a,,f$) x '■ Z a Zp{X) — >• 
Zpa(X) such that the third equality of Figure [3] is satisfied for all Y E C a and 
Y' E Cp. Finally, for all X EC, set (Z )x = d xi : X -> Zi{X). 

Lemma 10.1. The endofunctor Z a = (Z a , {Z a )ii (Z a )o) of C is comonoidal for all 
a E G. The formula a i-> Z a defines a monoidal functor 

Z = (Z, Z 2 , Z Q ):G^ End co ®(C) 

such that Z a (Cp) C C a -ig a for all a, (3 E G. 

Proof. The proof is obtained from that of Theorems 5.6 in [BV2 , by replacing 

rY £C rY £C 

Y E C with y E C a and in particular by replacing J with J □ 

For a = 1, the functor Z a = Z\ : C — > C, endowed with the product /1 = Z 2 (l, 1) 
and unit 77 = Zo, is nothing but the Hopf monad produced by Lemma f8.4f a) for 

V = C\. Let F\ = Fz 1 ■ C C Zl be the free module functor, see Section [7TT1 
Recall that Fx(X) = (Zi(X), Z 2 (l, l) x ) for any object X of C and F x (/) = Zi(/) 
for any morphism / in C The functor Fi is comonoidal with comonoidal structure 
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(Fi) 2 = (Zi) 2 and (Fi) = (Z\) . The forgetful functor Ui = U Zl ■ C Zl -)• C is strict 
monoidal and therefore is comonoidal in the canonical way. One can check that 
U±Fi = Z± as comonoidal functors. Our immediate aim is to introduce a-analogues 
of Fi for all a E G. 

Pick any a G G. For all X, Y G C and any morphism / in C, set 



F a (X) = {Z a (X),Z 2 (l,a) x ), 
(F a ) 2 (X,Y) = (Z a ) 2 (X,Y), 

Lemma 10.2. F a = (F a , {F a ) 2 , (F a ) ) : C 
that U\F a — Z a as comonoidal functors. 



F a (f) = Z a (f), 
(F a )o = (Z a )o- 

C Zl is a comonoidal functor such 



Proof. The monoidality of Z implies that Z 2 (l, a)x(Zo)z a (x) = l< iz a (x) and 

22(1, a) x Zi(Z 2 (l, a) x ) = Z 2 (l, a) x Z 2 (l, l)z a (x)- 

Therefore F a (X) G C Zl . The naturality of Z 2 (l,a) implies that 

Z a {f)Z 2 (l,a) x = Z 2 (l,Q) v Zi(Z a (/)). 

This means that Z a (f) is Zi-linear. Hence F a is a well-defined functor. Now the 
comonoidality of the natural transformation Z 2 (l,a) gives 



= (Z 2 (l,a) 



x 



Z a {X, Y)Z 2 (1, a)xm 

z 2 (i, a ) y )(z 1 ) 2 (z Q (x),z a (r))z 1 ((z Q ) 2 (x,y)) 



and (Z a ) Z 2 (l,a)t = (Zi) Zi((Z a ) ). Thus (Z a ) 2 (X,Y) and (Z a ) are Zi-linear. 
Hence F a is comonoidal. Clearly U\F a = Z a as comonoidal functors because U\ is 
strict monoidal. □ 

By Section [83] (where Z should be replaced with Zi), the category C Zl is G- 
graded with C Zl = (C a ) Zl for all a G G, and we have a k-linear strict monoidal 



isomorphism of G-graded categories ^ : C Zl 
^F a :C^Z G {C). By definition, for leC, 



F a (X) = (Z a (X),a x ) with a x , Y = 

Z a (X) 



Z G {C). For a G G, set J" Q = 



for all Y G Ci. 




Clearly, F a {Cp) G Zp{C) for all /? G G. By Lemma ri0.2[ 7^ is a comonoidal 
functor and WJ 7 ,^ = Z Q as comonoidal functors, where U: Zq(C) — > C is the (strict 
monoidal) forgetful functor. 

We call J tt : C — > -Zg(C) the a-free functor, and we call the objects of Zq(C) 
isomorphic to objects in the image of T a a-free. For a = 1, this definition is 
equivalent to the definition of free objects given in Section 18.51 Collectively, the 
a-free objects of Zq{C) with a G G are said to be G-free. 

The following lemma will be used in Section [X] 

Lemma 10.3. Z 2 (a, (3) is a comonoidal natural transformation from T a Z$ to Tp a 
for all a, /3 G G. 
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Proof. Since the isomorphism ^: C Zl —> Zc(C) is strict monoidal and acts as the 
identity on morphisms, it is enough to prove that Zi(u, /?) is a comonoidal natural 
transformation from F a Zp to Fp a . Since U±Ky = Z^ as comonoidal functors for all 
7 G G and Z 2 {a, j3) is a comonoidal natural transformation from Z a Zp to Zp a , we 
only need to check that for X e C, Z 2 (a, f3)x is a morphism in C Zl from F a Zp(X) 
to F^ a (X), i.e., that 

Z 2 (a,f3) x Z 2 (l,a) z ^ X ) = Z 2 (l, (3a) x Z 1 (Z 2 (a, 0) x ). 

This equality holds by the monoidality of Z (see Lemma 110. 1| . □ 

10.2. Computations on G-free objects. Assume that, as above, C is a G- 
centralizable rigid G-graded category, and assume additionally that C is pivotal 
and non-singular. Then Zq(C) is G-braided by Theorem 14.11 The next theorem 
computes the action of the crossing ip: G — > Aut(Zc(C)) of Zq(C) on the G-free 
objects. Note that each auto-equivalence ip a of Zq{C), being strong monoidal, can 
be seen as a strong comonoidal endofunctor (ip a , (i^q,)^ 1 , {(fia)^ 1 ) of Zq{C). 

Theorem 10.4. For a,/3<E G, there is a canonical comonoidal isomorphism 

from (faJ-p to J-fj a . Moreover, the family lj = {w a '^} ai| g e G is compatible with the 
monoidal structure of the crossing <p in the following sense: uj^ a — ((^q)^ 1 t x \ and 
for all a, j3, 7 S G and X £ C, the following diagram commutes 

*><.(4' 7 ) "i an 

ip a T 10 (X) — ^Ff} a {X). 

Proof. Let a,/3 £ G and X E C. Pick V S £ a , where £ a denotes the class of objects 
of C a with invertible left dimension (recall that £ a ^ since C is non-singular). Set 
d\z = d\mi{V) and 



and 




Observe that 
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Here, (?) follows from the naturality of d a , (ii) from the monoidality of Z, (Hi) 

,v®v* ■ 



from the definition of Z2 [a 1 , a) , and (iv) from the definition of a^ x 
We claim that a^f = ^z Ba {X)- Indeed, for any Y 6 Cp a , 



■■Y 



\Zf> a (X ) W 




- Z Pa (X) 



Z 2 (a,/3) x 



Z a {Z 2 {a-\l3a) x ) 
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~ U X.Y- 



Here the equality (i) follows from the naturality of d@ a , (ii) and (v) are consequences 
of the monoidality of Z, (Hi) follows from the definition of Z2{a,a~ 1 ), and (iv) is 
a consequence of the naturality of d 1 and the definition of Zq. Now, the universal 
property of p x a Y = (ev Y <B> ^ Zpa (X) ) (idy « implies that a^' /3 6^'' 3 = id Z(3Q ( X )- 

mean that Zp a (X) is the 



The latter equality and the formula b x a x 



V,pv,/3 _ v 



image of the idempotent tt^ ^ . Set 



(39) 



V,P _ V,0 V _ j-1 

W X — a A- £f s (X) — a V i 





By Section |4~T1 w^-'' 3 is the unique isomorphism — > Zp a (X) such that 



(40) 



V I V./3N-1 V,/9 j V .V„8 v,/ 

Pj^(X) = ( w x ) a x and ^(X) = b x u x 



Note that (w^' 3 ) 1 = (x) ^x We can now state the key lemma of the proof. 



Lemma 10.5. (a) w^: <y9y (Tp(X)) — > IFp a (X) is an isomorphism in Zg(C). 



(b) uj x 8 u ^ {X) = bj\ for all U, V E £ a , 
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Proof. We use the pictorial formalism of Section 14.61 For U, V £ £ a and Y € &, 

set 




A 




Then 

(41) 

Indeed, 



(idy <8> Wx'^Ax'y' 9 = <4 a Y( u x P ® id ^) 



■ -Y 



^2 (a, 




C < / V f7 






2„„(A) 



(ii) d-i^-i 

— ajj Uy 




•■Y 



■Zf, a (X) 

















Z a {Z 2 (l,li) x ) 



(**0 .-1,-1 I H •- 

■ ■u = d u d v I I id 
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Y \z„ a (X ) 



(via) 




a^yi^f ® idy). 



Here, the equality (i) is obtained by applying (|23l) and then ([22]). (m) follows from 
the definition of u^ x , (Hi) and (vi) from the naturality of d a , (iv) and (viii) from 
the monoidality of Z, (v) from the definition of Z2(a, 1), (vm) from the definition 
of ^(1, a), and (ix) from the naturality of d . 
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We now prove the claims of the lemma. Remark first that 

^ a = i<l 



\V,V,/3 V \U,V,fi _ r 



Thus (I4ip for U = V gives that is a morphism in Zq(C). Since it is an 

isomorphism in C and the forgetful functor U : Z G (C) — > C is conservative, we obtain 
that ul^f is a isomorphism in Zc(C), which is claim (a). Finally, Equation (pfTj) for 
Y = 1 is nothing but claim (b). This completes the proof of Lemma TlO. 51 □ 

By Lemma ll0.5l the system (<*>x)ve£ a induces an isomorphism in Zq{C\ 
related to the universal cone L a of (1^0)) by 



■ ip v Tp(X) 





It remains to check that the family 



is a comonoidal natural transformation and that the family {u) a '*} a ,peG is com- 
patible with the monoidal structure of ip . We only need to verify that for all 
a,/3,7 G G, U G £ aj V G £/37 ^ G Ep a , R € £i, and any morphism /: X — » F in 
C, the following equalities hold: 

^/3q(/)Wx ,/3 = W Y P< PuV(Zp(f)), 



(z fia ) 2 {x,Y) u ™ Y = K' p ®^)( w ) 2 (z^(x),^(y))-Vc/((^)2(x,y)), 

(Zp a ) u)Y ,P = (<pu)o 1( Pu((Z/3)o), 



u,/3 



,U,/3 



w, lc u,v,w _ U,y/3 
J x 



^(X) =w x M^x 

These equalities are verified via graphical computations similar to those above using 
the definitions of ipv(f), (^v)^ 1 , {<Pv)o \ £ U,V,W ^ S ivcn in Sections HU and SU 

□ 

We next compute the enhanced G-braiding {t(a ,a) ,y} (A,a)ez G {C) ,Yec hon , oi Zq{C) 
on the G-free objects. 



Theorem 10.6. Let a, (3 G G, X eC, andY eCp. Then 

T T a (x),y = (idy ® (ux a ) lz z(P' a )x) d z c ,(x- 
where d@ is defined in (f38|) . that is, 

y [ J-^a(A) 

\ 7.1 

(idy ® Ux a ) T F a (X),Y 
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Here, the equality (i) follows from the definition of T v , (ii) from the definition of 
Z2(P~ 1 , P), {Hi) from the monoidality of Z, and (iv) from the naturality of d@ 
Composing the above equality on the left with (idy ® { l v)^a{X))i where ft is the 
universal cone (|20|) . we obtain the claim of the theorem. □ 

10.3. Remark. Let V be the following composition of monoidal functors: 
Aut(Z G (C)) ^ Aut(C Zl ) >■ End co0 (C Zl ) J^l^ End co »(C). 

Here the first arrow is the strict monoidal isomorphism induced by "J : C Zl — > 
Zc(C), the second arrow is the strict monoidal functor acting as (F,F2,Fq) h> 
(F, -Fjj , Fq 1 ) on the objects and as the identity on the morphisms, and the third 
arrow is the functor (|32[) with T = Z\. Both V<^ and Z are monoidal functor 
G — > End co ®(C), and V<p(a) = U^ a F\ for any a £ G. The comonoidal iso- 
morphism w"' 1 : (fiaJ^i F a of Theorem 110.41 induces a comonoidal isomorphism 
U^"' 1 ): V<p(a) = UifiaJ-i — s- UT a = Z a . The second statement of Theorem 110.41 
implies that the family {U{u> a l )} a eG is a monoidal natural isomorphism V</? ~ Z. 
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10.4. The case of G- fusion categories. Let C be a G-fusion category (over k). 
It is clear that C satisfies all the assumptions of this section. We give here explicit 
formulas for the functor Z of Lemma 110.11 

Fix a G-representative set / of simple objects of C such that i 6 /. Note that 
/ = U ae cla where I a is the set of all elements of / belonging to C a . By Lemma HTTl 



with universal dinatural transformation 



Px.Y 



iei a { Y T Y 



Y*®X®Y^Z a {X) for YeC a . 



For any morphism / in C, we have Z a {f) = Yliel ^* ® / ® idi- 

The natural transformations 9" of ([55)) are given, for X e C and Y G C Q , by 



dx,Y = E 




Then we deduce from Figure [3] that the comonoidal structure of Z a and the 
monoidal structure of Z are given, for a, (3 G G and X, Y G C, by 



(Z a ) 2 (X,Y) = J2 W 



Z Q pf ®Y) ->Z Q (X)®Z Q (Y), 



y/ i 



iei a 



Z 2 {a,P) x = E 



TT, 1 TT 



Z a Zp{X) -¥ Zp a (X), 



(Z )x = id x : X ^ 1* (g> X (g> t Z X {X). 

From these formulas, we deduce that for a G G, the a- free functor T a : C — > Zq{C) 
carries any X G C to J- a (X) = (Z a (X), a x ) where for Y G C\, 



a X,Y = 



x 



Z a (X)<g>Y^ Y®Z Q (X). 



The functor J-^ carries any morphism / in C to F a (f) = Z a (f). 

Let a, (3 G G and I £ C. For any V G C Q with invertible left dimension, we 
always may choose , x s to be the object Z a p(X) and the morphisms , x y 
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■ v of HI to be 




This can be verified using (f3"5j) and the following equality: for all U,V £ C and 

i £ I, 






(42) 



which graphically reflects the fact that 

Hom c (J7 ® V, i) = Hom c (X, j) ® k Hom c (j ® V", i). 

With the above choices, we obtain that fpJ^a = !F a p as comonoidal functors. Also, 
the isomorphism w^-'" of Theorem 1 10. 41 is the identity, and for any Y G Cp, 



T T a (X),Y 



Appendix A. The object (C a> p,a a >") 

Let C be a non-singular G-centralizable G-graded pivotal category. Let <p: G — >• 
Aut(Zc(C)) be the crossing provided by Theorem 14.11 and Z: G — > End co ®(C) be 
the monoidal functor of Lemma 110.11 Consider a, (3 £ G such that the following 
coend exists in C: 

C a .fi = I Z a (Y)*®Y. 

Here we lift C a fi to an object of Zg(C) in a canonical way. The latter object plays 
an important role in 3-dimensional HQFT, as will be discussed elsewhere. 

Let Q a ^ — {qy^ '■ Z a (Y)* ®Y — > C a fi}YeCn be the universal dinatural transfor- 
mation associated with C a> p. By [BV21 Corollary 3.8], since Z\ is a Hopf monad, 
the dinatural transformation Zi(g a ' 13 ) is universal. Therefore there is a unique 
morphism r a ,p ■ Zi(C a fi) — > C a fi such that for all Y G Cp, 

r a fiZx(gy^) = 

l4 ' >! e °f (y) (Z 2 (a,l)^«^ (y) Zi(^ 1 (l J a)^)®id i r l(y r ) )(Z 1 )2(Z a (y)* ) y), 



54 



V. TURAEV AND A. VIRELIZIER 



where s l is the left antipode of Z\ (given by Lemma f8.4f a) for T> = C\). Define 
a^P = {a a / :C a ^®X^X® C a ,p} xeCl by 



C a .B 

where d 1 is defined in (|38p. 

Theorem A.l. (C Q ^, <r a 'P) is an object of Zq{C) lying in Z a -ip-i a p(C) and 




(<p a (A, a))* <g> (A, a). 



Proof. Let F a , V I / , and J- a = ^F a be as in Section [UTTl Denote by U x : C Zl C 
and U: Zq{C) — > C the forgetful functors. Set 

Observe that Q xi Z\ = Ui^^ 1 f a '^ F\ ~Uip a J-i. Theorem ll0.4| provides a comonoidal 
natural isomorphism = {w"' 1 : ip a J-\(Y) — > J- a (Y)}y e c- Since 



K'^MK' 1 ): (Q x Zj)(y) -> Z Q (F)} r 



is then a natural isomorphism, 

f YeCf> 

c a3 = \ z a {Y)* ® y 



(QxZi)(y)*®y, 



with associated dinatural transformation j = {jy : (Q X Z\)(Y)* ®Y — > C a ^YeCs 
given by 

3Y= SY ' p {{{^ l )- i y®id Y ). 

Therefore, by Lemma 18.31 applied to T> = Cp and T = Z\ , we deduce that 



(Ca,/9,c) 



(Q(A,r))*®(A,r), 



where c is some ifi-action on C a ^. Since \&: C Zl — > Zg(C) is a grading-preserving 
strict monoidal isomorphism of G-graded categories, 



/ 



(<p a (A,a))* ® (A,cr) = * 

r(A,r)eC| 1 



(*-Va*(A,r))*®(A,r) 



(Q(Ar))*®(Ar) =*(C Q ^,c). 



The 



Since ^{C a ,p,r a ^) — (C a ,p, cr a '^), we only need to prove that < 
dinatural transformation Zi(g a ' 13 ) being universal, this is equivalent to proving 
that cZi(g Y ' 13 ) — r at pZi(g Y ) for all Y 6 C^. Fix Y G C^. Let ay is the Zi-action 
of QF\ (Y) = *-Va*-Fi(y) = *"Va^i(y)- Since is a morphism is Z G (C), 
the morphism \I/ -1 (<xy' 1 ) = w"' 1 : QFi(T) — > F a (y) is a morphism in C Zl , that is, 

ajy^ay = Z 2 {1, a)yZi(ujy 1 ), and so ay = (wy 1 ) 1 Z 2 {1, a)y Z^ujy 1 )- 
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By Lemma [8731 the Zi-action c: Zi(C a ,p) — > C a ,/3 satisfies 
cZ x {j Y ) = l Zi(y) (Q(Z 2 (1, ® id Zl(y) ) Z 2 ((Q x T)(Y)*,Y). 

Composing this equality on the right with Zi((u) Y )* ® idy), using the above ex- 
pression of ay and the naturality of s l , we obtain that 

cZ 1 {Q Y > f) ) = ^ y) (A*4 Q(y) Z 1 (Z 2 (l,a)^)®id Zl(y) )(Z 1 ) 2 (Z Q (y)*,r) 

where A = up 1 Q(Z 2 (l, l)y)(w^ y ^) . Pick V € £ a . Since ^ acts as the identity 
on morphisms and using that a;"' 1 = (l a )~ 1 uJ V • 1 , and cp a — {i a )^ 1 fv L ° where i a 
is the universal cone (|20|) . we obtain 



A = Wy'Va(^(l,l)r)K; 1 (y) ) = Wy'VW^a(MM( w ]£(y)) • 

In view of the definition of r ail g given in (j43j), to prove that cZi(g Y ^) = r a ^Zi(g Y '^), 
it is enough to prove that A = Z 2 (a, l)y, i.e., that ui Y ' 1( fiv(Z 2 (l, l)y) = Z 2 (a, l)yu;^ 
Denote by p a the universal dinatural transformation (|37l) and let ir v , p v , g y be as 
in (fT9|) . Recall from (|39|) that w]^' 1 = d v x Z 2 {a, l)xP Zl (x) yQ^rx) f° r an y X & C. 
Now, by Lemma [10.3[ Z 2 (l, l)y is a morphism in Za{C) from .Fi(.£i(Y)) to Ti(Y). 
This implies that 

(44) 7r^ i(y) (id v , ® Z a (l, l)yidy) = (idy. ® Z 2 (l, l)yidy)7r^ i(Zi(y)) . 
Then 

u Y ' (p v {Z 2 (l, l)y) 

- dy^a, l)yPz 1 (y),y^ 1 (y)P^ 1 (y)(idv« ® Z 2 (l, l)yidy)^ l(Zl(y)) 

( = rfy X ^2(a, l)yPz 1 (y),y7r| : i (y)(idy* ® Z 2 (l, l)yidy)^ l(Zl(y)) 

( = } d^ 1 Z 2 (a, l)rpl l( y ))V (idy» <8> Z 2 (l, l) y idy)7r^ i(Zi(y)) ^ i(Zi(y)) 

= dy X Z 2 {a., \) Y Z a (Z 2 (\, ^)y)p Z 2 {Y ),v1^ 1 (z 1 (y)) 
(«) ,- 



v Z 2 (a, l)y^(a, 1 )^i(^)P|f(y),y9jr 1 (2 1 (y)) 



= Z 2 (a, l)yw z ^ y) . 

Here, the equality (i) follows from the definition of <pv (see section W^i , (ii) from 
(fl9|) . (iii) from (|44|) . (it;) from (|19p and the naturality of p Q , and (f) from the 
monoidality of Z. This completes the proof of the theorem. □ 

We can explicitly compute (C a ,p, cr Q,/3 ) in the case where C is a G-fusion category. 
Fix a G-representative set / = H^gG^a of simple objects of C. By Lemma [8TTT 



(45) C aJi = 



) j ® i ® j 



3 Zip 



with universal dinatural transformation given, for Y G Cp, by 

qP p =Y / -.z.AY) r-r,,.,, 
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where cf) = {<j>x ■ X — > X**} x ec is the pivotal structure of C, see ([3]). For A 6 C, 
set 

Cx = I] idi'®x. ® 0j : Z a (X*) Z a (JT)*, 

so that 

Then using (|43|) . the above description of Z, and the description of s l given in 
Figure El we obtain that 

r a ,p = r a ,pZi(idc aif ,) = ^ r a,pZx{Q°j ® id?) 




Finally, using (|34|) and (|42[) . we obtain 
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